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Abstract

Three-dimensional chromosome structure plays an important role in fundamental genomic func-
tions. Hi-C, a high-throughput, sequencing-based technique, has drastically expanded our compre-
hension of 3D chromosome structures. The first step of Hi-C analysis pipeline involves mapping
sequencing reads from Hi-C to linear reference genomes. However, the linear reference genome does
not incorporate genetic variation information, which can lead to incorrect read alignments, espe-
cially when analyzing samples with substantial genomic differences from the reference such as cancer
samples. Using genome graphs as the reference facilitates more accurate mapping of reads, however,
new algorithms are required for inferring linear genomes from Hi-C reads mapped on genome graphs
and constructing corresponding Hi-C contact matrices, which is a prerequisite for the subsequent
steps of the Hi-C analysis such as identifying topologically associated domains and calling chromatin
loops. We introduce the problem of genome sequence inference from Hi-C data mediated by genome
graphs. We formalize this problem, show the hardness of solving this problem, and introduce a
novel heuristic algorithm specifically tailored to this problem. We provide a theoretical analysis to
evaluate the efficacy of our algorithm. Finally, our empirical experiments indicate that the linear
genomes inferred from our method lead to the creation of improved Hi-C contact matrices. These
enhanced matrices show a reduction in erroneous patterns caused by structural variations and are

more effective in accurately capturing the structures of topologically associated domains.

1 Introduction

The spatial arrangement of chromosomes plays an important role in many crucial cellular processes in-

cluding gene transcription [Fraser and Bickmore, 2007, Rennie et al., 2018, epigenetic modification [Gre-
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wal and Moazed, 2003], and replication timing [Pope et al., 2014]. This complex structure can be dis-
covered through Hi-C [Lieberman-Aiden et al., 2009], a high-throughput variant of the chromosome
conformation capture technique [Dekker et al., 2002], which has become a prevalent tool in the study of
genomic organization. The Hi-C process yields read pairs representing spatial contacts between two ge-
nomic loci. These contacts can be identified by aligning each end of a read pair to the reference genome.
These aligned read pairs facilitate subsequent analyses, such as identifying topologically associated do-
mains (TADs) [Nora et al., 2012, Dixon et al., 2012, De Laat and Duboule, 2013, Filippova et al., 2014,
Li et al., 2018], which are contiguous regions on chromosomes with more frequent contacts, and calling
chromatin loops [Roayaei Ardakany et al., 2020], which are pairs of genomic loci that lie far apart along
the linear genome but are in close spatial proximity.

Hi-C pipelines use the linear reference genome such as Genome Reference Consortium Human Build
38 (GRCh38) as the template against which to align reads. However, these linear references do not
incorporate the genetic diversity within populations. Consequently, aligning reads from genomes that
diverge from the linear reference genome can result in reads either not aligning at all or being mapped
to incorrect genomic locations. This issue is exacerbated when analyzing Hi-C reads from cancer sam-
ples, which frequently exhibit structural variations, including copy number variations and substantial
translocations. The misalignments, arising due to structural variations, can confound the interpretation
of Hi-C data, potentially producing features that may be mistaken for other biological signals, such as
chromatin loops [Wang et al., 2020]. Given that read alignment is always the initial step in Hi-C analy-
sis, errors at this stage can proliferate, leading to inaccuracies throughout the downstream analyses. To
rectify the Hi-C analysis of cancer cell lines, substantial efforts have been made to develop algorithms to
identify structural variations and rearrange the cancer genomes from Hi-C data, sometimes with the help
of other data types such as whole genome sequencing to enhance accuracy and precision [Wang et al.,
2020, Schopflin et al., 2022, Khalil et al., 2020, Wang et al., 2021] of Hi-C analysis of cancer cell lines.
However, these steps still rely on the linear reference genome.

The concept of pan-genome has been introduced to address the shortcomings of linear references. The
pan-genome is a collection of DNA sequences that incorporates both common DNA regions and sequences
unique to each individual [Gong et al., 2023, Wang et al., 2022]. These DNA sequences can be represented
by genome graphs, which are graph-based data structures amalgamating the linear reference alongside
genetic variations and polymorphic haplotypes [Ameur, 2019]. Numerous computational techniques have
been published in the domain of genome graphs, addressing various aspects such as efficient genome
graph construction [Garrison et al., 2018, Qiu and Kingsford, 2021, Hickey et al., 2023, Garrison et al.,
2023, Pandey et al., 2021], graph-based genome alignment [Rakocevic et al., 2019, Kim et al., 2019,
Rautiainen and Marschall, 2020, Sirén et al., 2021] and graph-based structural variation and haplotype
analyses [Chin et al., 2023, Hadi et al., 2020, Eggertsson et al., 2019, Chen et al., 2019]. These studies
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have substantiated that genome graphs can enhance the analysis of genome sequencing data. Moreover,
Liao et al. [2023] has illustrated the potential of genome graphs in improving the analysis of various
other data types, including RNA-seq, ChIP-seq, and ATAC-seq. However, there has been no research
exploring the enhancement of Hi-C analyses through the use of genome graphs.

Leveraging genome graphs as the reference can enhance the accuracy of mapping Hi-C reads. However,
a challenge arises from the noisy information in the graphs post-read alignment, attributed to structural
variations present in the genome graphs but absent in the actual linear genome of the Hi-C sample.
Additionally, these graphs are not immediately applicable for subsequent standard Hi-C analysis steps
like TAD identification [Filippova et al., 2014, Wang et al., 2017, Li et al., 2018] and chromatin loop
calling [Ay et al., 2014], given their inherent dependence on linear genomes and the corresponding Hi-C
contact matrices, the two-dimensional matrices representing chromosomal interactions.

A critical component to address this is to infer the appropriate, sample-specific linear genome from
Hi-C reads mapped on genome graphs. These inferred genomes, which are more congruent with the
Hi-C samples’ unknown ground truth genomes than traditional linear reference genomes, account for
polymorphisms and structural variations specific to the given sample. By using these reconstructed
genomes to create Hi-C contact matrices and incorporating these matrices into subsequent analyses, we
can enhance the precision of Hi-C studies. This approach offers a more customized and sample-specific
genomic representation, addressing the shortcomings inherent in using standard linear reference genomes.

In this work, we investigate the problem of genome sequence inference from Hi-C data on directed
acyclic genome graphs. We propose a novel problem objective to formalize the inference problem. To
infer the genome, we choose the best source-to-sink path in the directed acyclic graph that optimizes the
confidence of TAD inference on the genomes. We show that optimizing this objective is NP-complete, a
complexity that persists even with directed acyclic graphs. We develop a greedy heuristic for the problem
and theoretically show that, under a set of relaxed assumptions, the heuristic finds the optimal path with a
high probability. To ensure practical applicability to real Hi-C datasets, we also develop the first complete
graph-based Hi-C processing pipeline. We test our processing pipeline and genome inference algorithms
on cancer Hi-C samples K-562 and KBM-7. Results on these samples show that compared to using
the traditional linear reference genomes, the linear genomes inferred from our method create improved
Hi-C contact matrices. These enhanced matrices exhibit fewer errors caused by structural variations
and are more effective in accurately capturing the structures of TADs, attesting to the algorithm’s
potential to enhance the precision and reliability of genomic studies. The source code is available at

https://github.com/Kingsford-Group/graphhic.
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Figure 1: The workflow of our graph-based Hi-C processing pipeline. Each red line represents one end
of a read pair, and each blue line represents the other end.

2 Inferring the sample genome from Hi-C data with genome

graphs

2.1 Preprocessing of Hi-C reads via a novel graph-based Hi-C pipeline

Typical Hi-C processing pipelines, such as HiC-Pro [Servant et al., 2015], mainly consist of two steps:
(i) aligning each end of raw read pairs to the linear reference genome; (ii) constructing a two-dimensional
contact matrix that describes the interactions between pairs of genomic regions. A contact matrix is
derived from the alignment results, wherein each entry contains the number of read pairs between two
genomic bins — intervals with a fixed length such as 10 kilobases. This contact matrix is used as an
input for downstream analyses, such as TAD identification and loop calling. However, current Hi-C
analysis pipelines are unable to process data when genome graphs are used as the reference instead of
linear reference.

We develop a novel graph-based Hi-C processing pipeline shown in Figure 1. Our Hi-C pipeline is
composed of four steps. First, it constructs directed acyclic genome graphs either from various DNA
sequences or from the linear reference genome coupled with population variants represented in Variant
Call Format (.vcf) files. Each node in the genome graph represents a DNA subsequence. Second, the
pipeline performs graph-based alignment to map Hi-C reads onto the paths of the genome graphs. In the
third step, we prune and contract the resulting genome graph by removing paths with no reads mapped
and contracting nodes into larger genomic bins, which greatly improves the computational efficiency of
the following steps. Subsequently, the pipeline builds a contact matrix M based on the pruned genome
graph. Each dimension of the matrix represents nodes of the pruned graphs, and each matrix entry
is the number of read pairs with ends mapped to the corresponding nodes. The nodes are ordered in

their topological order in the genome graph. An exhaustive delineation of each stage of our pipeline is
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provided in Appendix A.

2.2 Problem definition of genome inference

Given a directed acyclic genome graph G with a source node s and a sink node ¢, and the contact
matrix M derived from the graph-based Hi-C pipeline (Section 2.1), the objective of genome inference
is to find a s-t path in G such that the concatenated DNA sequences represented by nodes in the
selected path is the most similar sequence to the actual genome of the Hi-C sample. Ideally, two primary
criteria should be fulfilled by this reconstructed path: (i) it should encapsulate as many mapped Hi-
C read pairs as feasible, and (ii) the distribution of these mapped pairs ought to echo the distinctive
spatial structures of chromosomes, especially the topologically associated domains (TADs or “domains”
for brevity). Motivated by these prerequisites, our approach toward genome inference encompasses a
simultaneous inference of the s-t path and the corresponding TADs from G.

Let P be the collection of all s-t paths in G, and let D, be a set of domains along path p € Py.
The i-th domain on path p is defined as a subpath df = [a?,b!] that starts at node a? and ends at

o?

. where a? and b are nodes on p. We require that domains of one path do not overlap with each

other. Furthermore, the boundaries of two consecutive domains df and d,,, b} and af, ,, are two nodes
connected with an edge on path p. The first and the last domain are df = [s, b] and df Dy = [af7 D,,\vt]'

We infer the s-t path representing the actual genome from a Hi-C sample by solving the following

problem:

Problem 1. We are given a directed, acyclic graph G = (V, E) with a source node s and a sink node ¢,
a pre-computed function p : N = R>g, a float value v > 0, and a cost function c: V x V' — R that
maps every pair of nodes to a non-negative cost. ¢ is symmetric in a sense that c¢(v,v’) = ¢(v’,v). The
goal is to find a s-t path p = {v1,va,..., vy} over all s-t paths and a set of consecutive domains D, on

p that optimize

max max Z f([a?, b)), (1)

pEPst D
" el bPleD,

where f is defined as:

1
AN /
fO) = W Z c(vi,v5) — p(lp']). (2)
i, €p’ 1<i<j<|p’|
The cost function c(v;, v;) can be described by entries in the contact matrix M (v;, v;) for node v; and
node v;. f quantifies the quality of a TAD as the normalized number of interactions within the subpath
P>, vy Ep A<i<i<|p'| c(v;,v;) in equation (2) is the total number of interactions between nodes that

are both in path p'.
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The total number of interactions is normalized by two factors. First, the total number is zero-centered
by a pre-computed u(|p’|), which is the expected interaction frequency within a path with |p’| nodes.
Then, it is normalized by he number of nodes in p’ (|p’|) scaled by a factor of 4. This normalization
prevents the identification of TAD domains with excessively large sizes. Larger values of v typically lead

to finding smaller domains.

2.3 The hardness of the problem

The objective function (1) of Problem 1 is derived from that of Filippova et al. [2014]. However, Filippova
et al. [2014] employs polynomial-time dynamic programming to infer TADs based on reads mapped to
a linear reference, while our work requires the concurrent inference of both the TAD domains (denoted
as D,) and the sample’s linear genome (represented by the path p) directly from G. We show that this

increased complexity results in NP-completeness of Problem 1.
Theorem 1. Problem 1 is NP-complete.

We prove Theorem 1 by reducing from the PATH AvOIDING FORBIDDEN PAIRS (PAFP) problem,
which has been confirmed to be NP-complete even in directed acyclic graphs [Gabow et al., 1976, Kolman

and Pangréc, 2009].

Problem 2 (Path avoiding forbidden pairs problem [Kolman and Pangrac, 2009]). Given a graph G =
(V, E) with two fixed vertices s,t € V' and a set of pairs of vertices F' C V x V|, find a path from s to ¢

that contains at most one vertex from each pair in F', or recognize that such path does not exist.

The core concept of the proof involves transforming a graph instance from PAFP into a novel graph
instance of Problem 1. This transformation is done so that the objective (1) attains a specific value in
the new instance if and only if a path avoiding all forbidden pairs exists in the original graph instance.
The details of the proof are in Appendix B. This hardness result motivates the development of practical

heuristics for the problem.

2.4 Computation of the ;1 function

Filippova et al. [2014] demonstrated a method for efficiently pre-computing p on the linear reference
genome. Nevertheless, as we discuss in Appendix F, calculating g in the context of genome graphs
poses a more complex challenge. Consequently, we propose a different strategy to estimate u. Generally,
samples from normal cell types bear a greater resemblance to the linear reference genome compared to
those from cancer samples. Hence, we select Hi-C data from a normal sample, process it using the linear
reference genome, and calculate its p function using the same approach as Filippova et al. [2014]. This

function is denoted as pg. It is evident that the sequencing depth of the Hi-C data can influence the
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value of the y function. Therefore, when analyzing new Hi-C data, we estimate its u function as follows:

) = pol) =" (3)

Here, N,;4 refers to the total count of Hi-C read pairs from the original normal sample, while Ny,

indicates the total count of Hi-C read pairs from new Hi-C data.

2.5 Graph-based dynamic programming algorithm

We use a dynamic program, computed in the topological ordering of the nodes, to solve the Problem 1:

PT(l) = PT 4
OPT() kg}g};@{verg%k)() <v>+q<k,z>}, 4)

where OPT(I) is the optimal solution for objective (1), applied to the subgraph induced by node ! along
with all nodes with a topological order less than that of | within GG. Pj; denotes the collection of all
paths from node & to node [ in G, and PA(k) is the set of parent nodes of k. max,epam) OPT(v) =0

if k£ has no parent node. ¢ is a function that maximizes over all paths between k and I:

q(k,1) = max f(p). ()

PE Py

We use a standard backtracking strategy, shown in Algorithm 3 in Appendix C, to reconstruct the
optimal path pgy,: from the dynamic program. The reconstructed path p,,: is the inferred genome we
want.

We prove that OPT(t) is indeed the optimal solution for Problem 1.

Proposition 1. OPT(t) = max,ecp,, maxp, Y. ,» y2jep, f([af, b7])-

R

The proof is in Appendix D. However, this does not provide a polynomial time algorithm. As we
show in Appendix E, computing the function ¢ in (5) is NP-complete. Moreover, the NP-completeness
of computing ¢ is not attributable to the exclusive definition of function f as outlined in (2). We show
in Appendix E that computing ¢ remains NP-complete under various definitions of f. Therefore, it is
hard to solve the dynamic programming objective shown in (4), which is consistent with the hardness

conclusions in Section 2.3. This provides a focus for developing heuristics.

2.6 Heuristics for computing ¢

We propose a novel heuristic algorithm, detailed in Algorithm 1, to compute the function g(k,[) for any
node pair (k,[). The central principle behind this algorithm is that a node situated between nodes k and

[ (in topological order) that has more interactions with other nodes is more likely to be a part of the
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path connecting k to [ that maximizes the function f. Consequently, we sort the nodes in descending
order based on their cumulative interactions with other nodes (line 6 of Algorithm 1) and progressively

add nodes from the highest to the lowest interactions until a k-l path is established.

Algorithm 1 ¢(k,l) computation

1: Input k,l, genome directed acyclic graph G = (V| E), nodes list T that contains all nodes in G sorted
by their topological order, contact matrix M, reachable matrix M,., the function f

2: if M,[k,l] =0 then

3: return

4: end if

5: Vsup < {v € V| Tuindex(v) > T.index(k) and T.index(v) < T.index(l)}

6: Sort vertices v in Vg, according to the sum Zv'evsub M{v,v'], arranging them from the highest to

the lowest value to form V/,,.
7. p+{k,1}, g+ —0
8: edges + is_edge(k,1)
9: for ve V/, do
10: p, edges « insert(p, M., T, edges, v)
11: if edges = |p| — 1 then

12: g« f(p)
13: return q,p
14: end if

15: end for

Specifically, we employ the following functions and data structures within Algorithm 1 to enhance

the algorithm’s efficiency:

e reachable matrix M,., where M, .[i, j] = 1 if there exists a path from node ¢ to node j in the directed

acyclic genome graph G, otherwise M.,.[i, j] = 0.
e is_edge(k,l), which returns 1 if there is an edge from k to [ in G, otherwise it returns 0.

o insert(p, M., T, edges,v), of which the pseudo-code is provided in Algorithm 4 in the appendix.

This function contains the following steps:

— Given a node set p which encompasses all nodes already incorporated and are topologically
sorted, the function determines whether there exists a path in G that includes all nodes in
pU{v}. Such a path may include additional nodes that are not in p U {v}. This step can be
efficiently achieved with the help of M,. and a balanced tree structure such as AVL tree [Foster,

1973], of which the details are introduced in Appendix G.2.

— If the aforementioned path exists, the node v is then inserted into p according to the topological

ordering (function update in line 7 of Algorithm 4).
— The function also updates an integer variable edges (line 8 of Algorithm 4), which keeps track

of how many neighboring nodes in p have edges in G.

The insert function yields a revised node set p and an updated value for edges (line 10 of Algorithm 1).

A legitimate path in graph G is formed by the nodes in p if and only if the condition edges = |p| — 1 is
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met (line 11 of Algorithm 1). Once a path is established, we compute the function value f(p) and use it
as the value of ¢ (line 12 of Algorithm 1).

We have the following result on the time complexity of our heuristic algorithm:

Theorem 2. The total time complexity for Algorithm 1 and the dynamic program using the heuristic

Algorithm 1 are respectively O(|V|?) and O(|V|*), where |V| is the number of nodes in the graph.

The proof is in Appendix G.2. In practice, the time complexity is still too high for long chromosomes.
To address this, as detailed in Section 2.8, we implement additional practical strategies to further decrease

the algorithm’s time complexity.

2.7 Accuracy of the heuristic algorithm

Let p represent the path from node k& to node ! as predicted by Algorithm 1, and let py: denote the
“ground truth” path, defined as p,; = argmax,cp,, f(p). In an ideal scenario, a heuristic algorithm
would ensure that, for any specified DAG G and any interaction distribution present on G, the value
f(p) closely approximates f(pg:). However, as we demonstrate in Appendix G.3, it is possible to create
an example where the discrepancy between f(p) and f(pg) can be infinitely large, indicating that our
heuristic algorithm does not offer a bounded approximation in the worst-case scenario.

However, within the scope of Hi-C analysis, the distribution of interactions on a genome graph is
not arbitrary. Conceptually, each interaction, represented by a pair of nodes, stems from two primary
sources: (a) the “ground truth” source. Both nodes of the interactions from this source lie on the ground
truth path pg. Interactions from this source are informative when constructing p. (b) the “noise”
source, which accounts for interactions arising due to various systematic biases such as sequencing errors,
mapping errors, etc. In this scenario, the interactions are not necessarily confined to the path py;. Under
mild assumptions, we propose a theoretical framework that more accurately reflects the real-world Hi-C
situation, and demonstrate that with high probability the output path p is equivalent to py, as long as
the number of mapped read pairs is at least Q(|pg¢|log|V]). Although the number of total nodes |V| in
the graph can be large, the required number of read pairs for a successful inference is only proportional
to the logarithm of it. The details of this theoretical analysis can be found in Appendix G.4. We observe
that in practice, this criterion regarding the number of read pairs is readily met. For instance, in our
experiments, the graph has approximately 5 x 10° nodes, and the total number of mapped read pairs
is around 3 x 10%. This result provides some theoretical justification for the choice of the heuristic in

Algorithm 1.
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2.8 Practical improvements to efficiency and accuracy

In practice, we introduce two modifications to our heuristic algorithm to enhance its accuracy and
speed. First, given that the size of TADs typically does not exceed 3Mb [Bonev and Cavalli, 2016], we
implement an additional heuristic adjustment to the dynamic program. When calculating the function
q, we restrict our consideration to paths where the combined length of the DNA sequences on the nodes
is under 3Mb. This heuristic modification means that the dynamic program represented by equation (4)

would be transformed as follows:

OPT(l) = max § max OPT(v)+q(k1l),, q(k )= max f(p), (6)
k, Py #0 (veEPA(E) pE Py

where Py; is the collection of paths from k to [ that satisfy the constraint described above. Let L
denote the largest length of the paths in Pj;, where length here refers to the number of nodes; generally,
L~ % < |V]. Now the time complexity of the dynamic program when using the heuristic algorithm
for ¢ becomes O(|E||V| 4+ L*), where O(|E||V|) comes from computing the reachable matrix M,..

Second, our empirical observations suggest that for most node pairs (k, 1), computing ¢ using Algo-
rithm 1 is quite effective. Nonetheless, this method might not adequately capture the signals of large
deletions. To mitigate this, we have refined Algorithm 1, as detailed in Algorithm 5 in Appendix G.5. In
this adjustment, for each node pair (k,!), we initially execute a node-weighted shortest path algorithm
(where each node’s weight is determined by the length of its corresponding DNA sequence) to identify
a path ppese and calculate its score (lines 5-6 of Algorithm 5). Subsequently, Algorithm 1 is applied; if
the path p derived from Algorithm 1 surpasses the score of ppgse, p is returned, otherwise ppgse is the
selected path.

The shortest path algorithm for directed graphs with nonnegative weights has a time complexity of
O(|E| + |V]log(]V])). Consequently, the overall time complexity for Algorithm 5 to estimate g remains
O(|V]?) (or O(|L|?) if we use the heuristic above), equating to that of Algorithm 1. Additionally,
given that the path generated by Algorithm 5 will always yield a higher score compared to that from

Algorithm 1, all the theoretical results in Section 2.7 are applicable to Algorithm 5 as well.

3 Experimental results

We construct the genome graph with structural variations from the K-562 cancer cell line reported by
Zhou et al. [2019] and the linear reference genome GRCh37, against which the SVs were called. We
primarily use the VG toolkit [Garrison et al., 2018] to incorporate simple variants and further process
the variant file and the resulting graph so that the final genome graph is a directed acyclic graph. Details

on the construction of the genome graph can be found in Appendix H.2.
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We apply our graph-based Hi-C pipeline (Section 2.1 and Appendix A) to process the raw Hi-C reads
of the K-562 cancer cell line from Rao et al. [2014] (accession number: SRR1658693). Subsequently,
we employed our graph-based heuristic dynamic programming algorithm to infer the sample genome.
Finally, all raw Hi-C reads were remapped to the newly inferred linear genome to generate chromosome-
specific contact matrices with bin size 10kb. Detailed descriptions of our algorithmic implementations,

including hyper-parameter configurations, are provided in Appendix H.3.

3.1 Using the genome graph reference improves Hi-C read mapping

We evaluate the quality of read mapping by the number of reads from the K-562 sample SRR1658693
mapped and total number of reads that mapped perfectly without mismatches on three genome repre-
sentations (Table 1). For a fair comparison between number of reads mapped to each genome, we use vg
map [Garrison et al., 2018] for all read aligning steps, including mapping reads to GRCh37, the genome
graph, and the inferred linear genome. This is because existing Hi-C read aligners such as HiC-Pro does

not support sequence-to-graph alignments.

SRR1658693
Graph Linear reference  Reconstruction
Mapped reads 878,600,674 878,232,335 877,819,100

Perfectly mapped reads 301,671,424 277,917,664 289, 248, 295

Table 1: Mapping statistics of Hi-C reads being mapped onto different references, computed by vg
stats -a. Graph: reads mapped onto the genome graph; Linear reference: reads mapped onto the
linear reference genome; Reconstruction: reads mapped onto the inferred linear genome. The total Hi-C
reads of sample SRR1658693 is 913, 515, 598.

As shown in Table 1, using the genome graph as a reference, both the number of total mapped
reads and the number of perfectly mapped reads increase. The number of perfectly mapped reads to
the inferred linear genome increases by 4.08% (more than 11 million read) compared to those perfectly
mapped to the reference genome despite a slight decrease (0.05%) in total reads mapped. The reduction
in total reads mapped to the inferred linear genome is partly due to the predominant presence of deletions
among the large structural variations (SVs) incorporated in the genome graph (as shown in Table S1 in
Appendix I). Because the inferred genome is haploid, reads that originates from the allele without the
large deletions are lost. Nevertheless, the increase in perfectly mapped reads indicates that the inferred
genome is more similar to the sample genome.

To examine the generality of our genome graph and inferred genome, we aligned Hi-C reads from a
different K-562 sample (SRR1658694) to both the genome graph and the linear genome inferred from the
sample SRR1658693. The number of perfectly mapped reads to the inferred genome increased by 4.16%
(more than 24 million reads) compared to GRCh37 (Table S2 in Appendix I). The consistency between

these results and those in Table 1 suggests that the inferred genome from one sample can effectively be
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applied to other samples within the same cell type.

The generality of genome graphs constructed on the K-562 sample can be extended to a different cell
line. We align Hi-C reads from another chronic myeloid leukemia cell line, KBM-7, to the K-562 genome
graph and infer the KBM-7 genome. The numbers of reads mapped to the genome graph and the inferred
genome increase compared to reads mapped to the GRCh37 reference. The number of perfectly mapped
reads to the inferred genome increases by 4.6% (more than 16 million reads) (Table S3 in Appendix I).

This indicates potential shared structural variations between the K-562 and KBM-7 cell lines.

3.2 Graph Hi-C workflow improves Hi-C contact matrices

Compared to small SVs, large SVs exert a more pronounced effect on the 3D structure of chromosomes,
such as Topologically Associating Domains (TADs). We validate the quality of the inferred genome by
examining all four regions around SVs with lengths larger than 500 kilobases. We notice that they are all
deletions. In Figure 2, Figure S5, Figure S6, and Figure S7, we show Hi-C contact matrices constructed
from reads that are mapped to the inferred linear genome, the linear reference genome, and the genome
graph.

The visualizations of graph-based contact matrices appear noisier compared to their counterparts
due to the existence of numerous nodes that are not on the inferred path, many of which represent very
short DNA sequences with few mapped reads. Consequently, these nodes generate slender stripes in
contact matrices. When the reads are remapped to the inferred genome, these noisy stripes are reduced,
resulting in cleaner contact matrices.

In Figure 2 and Figure S5, both the graph-based contact matrices (middle panels) and those derived
using the linear reference (left panels) exhibit apparent deletion patterns, characterized by prominent
stripes with very sparse interactions. These stripes also mark regions with absence of TAD structures.
Our algorithm successfully identifies these deletions and produces more accurate contact matrices based
on reads remapped to the inferred genome (right panels). Figure 3 presents another case where two
smaller deletions of sizes 30 kb and 15 kb respectively, occur within a specific subregion of chromosome
3. Clear deletion patterns marked by stripes are evident in both the graph-based contact matrix and
the matrix derived using the linear reference. Our algorithm successfully detects these two deletions,
showcasing its effectiveness in identifying variations of varying sizes.

In addition to incorporating true deletions in the inferred genome, we show that our graph-based
Hi-C workflow is also able to discern and avoid false positive deletions in the genome graphs with few

read supports (Figure S6 and Figure S7).
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Figure 2: The region between 155,000, 000bp and 170,000, 000bp in chromosome 4. The genome graph
shows a large deletion (s3) with an approximate length of 3,000,000bp. Note that besides this large
deletion, the genome graph also contains numerous other structural variations within this region. These
are not shown in the plot for the sake of clearer visualization.
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Figure 3: The region between 57,000,000bp and 62,000,000bp in chromosome 3. The genome graph
shows two deletions (s2 and s4) with approximate lengths of 300,000bp and 150, 000bp respectively.

3.3 Graph Hi-C workflow improves TAD identification

We assess the quality of the new contact matrices from the inferred genome by their ability to exhibit
biologically sound TAD structures. We use Armatus [Filippova et al., 2014] to identify TADs from these
matrices. The detected TADs are then compared with those identified from contact matrices created
from the linear reference using HiC-Pro. We evaluate the quality of TADs against the enrichment of
regulatory elements CTCF and SMC in K-562 cell lines around detected TAD boundaries.

We measure the enrichment of CTCF and SMC3 around TAD boundaries with three metrics: average
peak, boundary tagged ratio, and fold change (Table 2). Average peak measures the average occurrence
frequency of peaks within 30 kb range centered on TAD boundaries. Boundary tagged ratio measures the
frequency of TAD boundaries that are enriched for regulatory elements. Fold change measures the change

of enrichment of regulatory elements between regions around and far away from TAD boundaries. Since
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the TAD boundaries identified using our method are situated along a path within the genome graph, we
use Graph Peak Caller [Grytten et al., 2019] for calling and comparing CTCF and SMC3 peaks on the
graphs. Further details on graph peak calling and these metrics can be found in Appendix H.4.

Both CTCF and SMC3 peaks are more concentrated around TAD boundaries identified based on
the inferred genomes than linear reference. Figure 4 graphically presents these peak signals around
TAD boundaries, clearly showing that the signals from the inferred linear genome are more pronounced
than those from the linear reference. Table 2 shows that, relative to the linear reference, there is a
higher enrichment of CTCF and SMC3 signals near the TAD boundaries identified from the new contact
matrices. This enhancement is robust to hyper-parameter changes during TAD calling as shown in
Table S4.

To investigate the changes in TADs surrounding large structural variations, we visualize the differences
between TADs identified on Hi-C matrices based on the linear reference and the inferred sample genome,
shown in Figures S8, S9, and S10, which correspond to regions shown in Figures 2, S5, and 3. In the
shown regions around large deletions, new TADs across the breakpoints of deletions are identified in the
inferred linear genome. Additionally, very small TADs predicted within the deletion regions from the
linear reference, which may not represent true TADs, are omitted in the inferred linear genome.

The improvement in TAD identification is generalizable to other K-562 samples. We evaluate TADs
using new contact matrices based on Hi-C reads from sample SRR1658694 to our inferred genome from
SRR1658693 (Table S5). We can draw similar conclusions that the TADs based on the inferred genome
reach a higher agreement with CTCF and SCM3 elements.

We also investigate the enrichment of CTCF and SMC3 at TAD boundaries as directly inferred by our
dynamic programming algorithm without remapping to the inferred genome (Table S6). The identified
TADs achieve good performance in terms of average peak and boundary tagged ratio compared to TADs
inferred on the linear reference genome in Table 2, which indicates that our dynamic programming
algorithm can infer reasonable TAD boundaries directly from graphs.

All these findings suggest that our algorithm can successfully infer a better linear genome and generate

contact matrices that more effectively capture TAD structures.

3.4 Dynamic programming heuristics outperforms baseline heuristics

To further assess our algorithm’s effectiveness, we compared it with two baseline approaches:

e Shortest path: This method identifies an s-t path within the genome graph, aiming for the shortest

DNA sequence length, and adopts this as the inferred linear genome.

e Longest M-weighted path: Here, each node’s weight is determined by the total number of contacts

it includes. The algorithm selects an s-t path that maximizes the sum of these weights, using the

14


https://doi.org/10.1101/2023.11.08.566275
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.11.08.566275; this version posted November 12, 2023. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

resultant path as the inferred linear genome.

The shortest path heuristic tends to be overly aggressive in handling deletions, which results in
removing false positive deletions that affect a large region such as the deletion shown in Figure S7.
Consequently, the resulting inferred genome is significantly shorter than the one inferred by our algorithm
and therefore fewer reads are mapped (Table S7 and S8).

In contrast, the longest M-weighted path algorithm, despite mapping a slightly higher number of
reads compared to the inferred genome by our algorithm (Table S7 and S8), lacks sensitivity to deletions
and fails to identify all the major deletions as shown in Figure S11.

Furthermore, the TAD structures derived using the baseline heuristics, as reported in Tables 2 and S9,
are generally less accurate compared to those generated by our dynamic programming algorithm as

evaluated based on the enrichment of regulatory elements.
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Figure 4: (a),(b) CTCF peak signals around TAD boundaries from the linear reference genome (a) and
the inferred linear genome (b). (c),(d) SMC3 peak signals around TAD boundaries from the linear

reference genome (c) and the inferred linear genome (d). TADs are called by Armatus with hyper-
parameter v = 0.5.

Average peak Boundary tagged ratio Fold change

Linear reference 0.172 0.346 0.019

CTCF Reconstruction 0.202 0.387 0.144
Shortest path 0.200 0.385 0.129

Longest M-weighted path 0.199 0.384 0.139

Linear reference 0.091 0.194 0.044

SMC3 Reconstruction 0.115 0.237 0.249
Shortest path 0.113 0.234 0.221

Longest M-weighted path 0.113 0.233 0.229

Table 2: The comparisons of three metrics reflecting CTCF or SMC3 enrichments near TAD boundaries
across different genomes. Linear reference: linear reference genome; Reconstruction: genome inferred
by our algorithm. Shortest path: genome inferred by shortest path algorithm; Longest M-weighted
path: genome inferred by longest M-weighted path algorithm. TADs are called by Armatus with hyper-
parameter v = 0.5. Hi-C sample: SRR1659693.

4 Discussion

In this study, we establish a novel connection between Hi-C analysis and genome graphs and explore a

novel application domain in pan-genomics. We develop the first algorithm that leverages genome graphs
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for inferring genome sequences from Hi-C reads and the first graph-based Hi-C processing workflow
which enable the efficient construction of graph-based Hi-C contact matrices. Our experimental results
demonstrate that the genomes inferred via our algorithm facilitate the creation of superior Hi-C contact
matrices compared to those derived using a linear reference. These promising outcomes highlight the
ability of genome graphs to enhance Hi-C analysis, especially for cancer samples that contain large-scale
structural variations.

There are several avenues for future research stemming from this work. First, our dynamic program-
ming algorithm, despite its reliance on heuristics, is not exceptionally fast. For instance, processing
chromosome 1 with our algorithm requires around two days, even with some parallelism techniques
applied. Accelerating our algorithm could be a fruitful area of exploration. Second, currently the nor-
malization method for Hi-C data mapped onto graphs is lacking, which is crucial for correcting inherent
biases. As a result, to ensure equitable comparisons, all contact matrices presented in the experimental
section of this work are unnormalized. Developing new methodologies for normalizing graph-based Hi-C
data could be a vital and intriguing direction for future research. Third, our current approach, as well
as that of Graph Peak Caller, is applicable only to DAGs. This limitation prevents us from testing these
methods on more complex non-directed acyclic graphs, such as the human pangenome graphs created by
Liao et al. [2023]. Therefore, adapting our methodology for use with general graphs represents a signifi-
cant and necessary direction for future research. Additionally, given that our algorithm is applicable not
only to cancer cell lines, it would be interesting to test it on more cell types, particularly normal ones,
to evaluate its performance.

Finally, while there has been research like that by Wang et al. [2021] focusing on identifying structural
variations from Hi-C data and rearranging contact matrices accordingly, we choose not to benchmark
our method against theirs in this work. This is because our primary aim in this work is to introduce the
use of genome graphs in Hi-C analysis for the first time, while the method of Wang et al., although it
can create improved Hi-C contact matrices, is not able to be used on genome graphs. In the future, it
would be interesting to explore the integration of these two approaches, potentially leading to even more

substantial improvements in Hi-C analysis.
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A Details of the graph-based Hi-C processing pipeline

As we describe in the main text, our Hi-C pipeline is composed of four steps. First, it constructs directed
acyclic genome graphs either from various DNA sequences or from the linear reference genome coupled
with Variant Call Format (.vcf) files. In this framework, each node of a genome graph represents
a DNA sequence. Second, the pipeline performs graph-based alignment to map Hi-C reads onto the
paths of the genome graphs. Following this, we prune and contract the resulting genome graph by
removing paths with no reads mapped and contracting nodes into larger genomic bins to improve the
computational efficiency of the following steps. Subsequently, the pipeline builds the contact matrix M
based on the pruned graphs. Here, each dimension of the matrix represents nodes of the pruned graphs,
and each matrix entry indicates the number of read pairs of which the ends are mapped to the respective
nodes. There are existing approaches that can complete the first two steps. Specifically, we use the vg
toolkit [Garrison et al., 2018] to construct genome graphs and facilitate the graph-based alignment. In

section A.1, we introduce our approach for pruning genome graphs.

A.1 Genome graph pruning

The genome graph constructed from vg toolkit contains unnecessary information—essentially, genetic
variations that are not present in the sample from which our Hi-C data is derived. This redundant
information, manifested as a subset of nodes and edges in the graph, considerably amplifies the memory
usage during the execution of our Hi-C pipeline, and diminishes the computational efficiency of processes
such as graph-based contact matrix construction and new genome inference. To mitigate this, we develop
a novel algorithm to prune the genome graph, eliminating unnecessary nodes and edges while retaining
as many useful nodes and edges as possible.

The underlying principles of our pruning algorithm are twofold: first, nodes that have no mapped
Hi-C reads are more likely to be irrelevant; second, small structural variations, such as single nucleotide
polymorphisms (SNPs), are unlikely to influence the 3D chromosomal structures, making their removal

reasonable.

Algorithm 2 Genome graph pruning

: Input Directed acyclic genome graph G onto which Hi-C reads are mapped, bin size ky;,
: Gy < node_merge(G)

. G1 < empty_node_removal(G1)

G1 < node_merge(Gy)

G1 + small_sv_removal(Gy)

G1 < node_-merge(G1)

. Gy < node_binning(G1, kyin)

: return G4

o B R O N

Algorithm 2 illustrates the comprehensive framework of the graph pruning process. The algorithm
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Figure S1: Four components of our graph pruning algorithm. Each red line represents one end of a read
pair, and each blue line represents the other end.

takes a connected, directed acyclic genome graph G, onto which Hi-C reads are mapped, as its input.
Leveraging the directed acyclic property of the graph will simplify the pruning procedure as well as
subsequent stages in the pipeline. Section H.2 describes how we handle non-DAGs in practice. As shown

in Figure S1, the pruning algorithm has four key components:

e Function node_merge(G). The indexing process of vg toolkit necessitates that each node in the
genome graph represents a k-mer (sometimes it may represent an s-mer where s < k) [Sirén, 2017].
Typically, the value assigned to k is relatively small (e.g., 32), which implies that the genome graph
constructed by vg toolkit has a large number of nodes, each representing a very short DNA sequence.
The substantial node size will significantly impede the computational efficiency of our pipeline. To
mitigate this, we borrow the idea of unitig construction, and design the function node_merge,
which merges smaller nodes into larger ones, as illustrated in Figure S1(a). Specifically, we define
two nodes, n4 and np, as mergeable if np is the only child node of n4 and n4 is the only parent
node of np (or vice versa). These two nodes can be amalgamated to create a new, larger node,
representing a sequence that is the concatenation of the sequences of n4 and ng. The function
node_merge(G) iteratively combines pairs of mergeable nodes until no further mergeable pairs
remain. We additionally use a read projection process to project reads, which are aligned to the

former nodes, onto their corresponding new nodes.

e Function empty_node_removal(G). In this function, we add a source node s and a sink node ¢ into
the DAG G. We also add edges from s to any nodes in G lacking a parent node, and add edges
from any nodes in G that do not have a child node to ¢t. We define a node as removable if it satisfies
the following criteria: (a) it is neither the source nor the sink node, (b) it has no reads mapped
onto it, and (c) each of its parent nodes has more than one child node, and each of its child nodes
has more than one parent node. This third criterion ensures that the removal of this node will not

significantly alter the graph’s structure. Specifically, after removing such a node, there still exists
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a path from s to every other node in GG, and there still exists a path from any node in G to t.
As shown in Figure S1(b), the function empty_node_removal(G) iteratively removes all removable

nodes until no further removable nodes remain.

e Function small_sv_removal(G). We further contract our graph by removing small variants in the
graph. Small variants such as SNPs and insertions and deletions < 10 bases are usually represented
by bubble structures [Onodera et al., 2013]. We first detect bubbles structures such that the total
number of characters represented by nodes on the longest path within each bubble structure is fewer
than 10 bases. Starting from the inner-most bubbles, we remove nodes that are not on the longest
path within each bubble. Then, non-branching paths are merged. Reads that are mapped to the
removed nodes will be mapped to the new path. The bubbles are detected using the algorithm
described in Onodera et al. [2013].

e Function node_binning(G, kpin). In conventional Hi-C analysis pipelines, the aligned Hi-C reads
are binned into fixed-sized genomic intervals, such as 10 kilobases, to aggregate data and smooth
out noise [Lajoie et al., 2015]. Similarly, our pipeline incorporates a binning procedure applied to
the graph nodes, as depicted in Figure S1(d). Specifically, when the length of the DNA sequence
s within a node exceeds the predetermined hyperparameter ky;,, which denotes the bin size, the

node_binning function divides the node into H:l —‘ nodes. In this division, each node except for

the final one represents a DNA sequence spanning a length of kp;, (nodes with the length of the
DNA sequences smaller than kp;, remain unchanged). Similar to the functions node-merge and
small_sv_removal, the read projection process is used here to project reads from the former nodes

onto their corresponding new nodes.

Given an input DAG @G, the graph pruning algorithm initiates by merging small nodes (line 2 of
Algorithm 2). Following this, it proceeds to eliminate nodes identified as removable (line 3 of Algo-
rithm 2). This step potentially gives rise to new mergeable nodes, prompting the algorithm to invoke
the node_merge function once again (line 4 of Algorithm 2). Subsequently, the algorithm addresses the
removal of minor structural variations (line 5 of Algorithm 2), does the node_merge function once again
(line 6 of Algorithm 2), and culminates with the execution of node binning (line 7 of Algorithm 2).

The graph pruning algorithm yields a connected DAG that is significantly reduced in size, with Hi-
C reads appropriately mapped. This pruned graph is subsequently converted into a two-dimensional
contact matrix. In this matrix, each row or column corresponds to a node within the graph, and each
entry represents the number of mapped read pairs between two nodes, as demonstrated in step 4 of

Figure 1.
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(a) (b)

Figure S2: An example of converting G (a) to G’ (b) in the proof of Theorem 1.

B Proof of Theorem 1

Here, we provide the proof of Theorem 1.

Proof. Gabow et al. [1976] proves that the path avoiding forbidden pairs problem (PAFP), introduced
in Problem 2, is NP-complete in directed acyclic graphs. We now reduce PAFP on DAGs to Problem 1.
Suppose we are given an instance of PAFP with a DAG G = (V, E), a source node s, and a sink node t.

We define a symmetric cost function ¢ on G, such that:

) ) 0 if (v,v")eF
c(v,v") = (v, v) =

1 otherwise.

We convert G to a new DAG G’ = (V’/, E’) such that every path from the source node to the sink node
in the new graph has the same length (same number of nodes). We use Breadth-First-Search (BFS),
starting from s to generate the new graph. We first create G’ that only has a source node 8, i.e. V' = {5}
and E' = 0. Let Vy = {s}. Given the node set V;, via BFS on G we create a new node set V;; which
are all child nodes of the nodes in V;. For each node v € V;;1, we add a corresponding node #**! in G'.
For each node pair (v’,v) such that v’ € V; and v € V1, we add an edge from o to ot in G' if o' is
a parent node of v in G. If £ is already added in G’, we add a node #*! in G’ and add an edge from
t* to £+, If additionally ¢ is in Vj,1, meaning that £**! is already in G’, we only add an edge from #*
to £t without adding the node #**! again. This procedure is iteratively conducted until V;,; = {t}
or Vi1 = 0. Figure S2 shows an example of constructing G’ (Figure S2(b)) from the original graph G
(Figure S2(a)). Since |V;| = O(|V]), we have that |[V’| = O(|]V|?). Therefore, the construction of G’ can
be accomplished within polynomial time. In addition, it is easy to see that G’ is a DAG. Let " be the
node in G’ that corresponds to the sink node in G, which was added during the final iteration of the
procedure. The set of s-t paths in G has a one-to-one correspondence with the set of paths from 5 and

t" in G’. Moreover, all the paths from 5 to #* in G’ maintain equal lengths n+ 1. We define a symmetric
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cost function ¢’ on G’, such that:
d" 57 = (@, 0") = e(v,0).

Therefore, the instance of PAFP is a yes-instance if only if there exists a § — ™ path in G’ such that the
cost ¢’ of any node pair in this path is 1. The DAG G’, combined with the source node §, the sink node
t", the cost function ¢, the value v = 0 and the function u(l) = 0, becomes an instance of Problem 1.
We now prove that the instance of PAFP is a yes-instance if and only if there exists a solution of
(n+1)(n+2)

Problem 1 with objective value “——5—=", hence Problem 1 is NP-complete.

Since v = 0 and u(l) = 0, the objective of Problem 1 becomes:

max max Z Z d (vi,v5).
pEPg,gn Dp
[af ,b71€ED,  vi,v;€[ay,br]
1<i<j<|[a? b7 ]

Since the cost function is non-negative, for any given 5 —t" path, choosing the whole path as one domain

leads to the maximal:

max max Z Z d (vi,vj) < max Z d (vi,vj).
pEPsgn Dp pEPgin L N
[a?,b?]€eDy  wvi,vj€lal bY] vi,v;€p,1<i<5<|p|
1<i<j< ] bF]|

Moreover, since ¢’ is less than or equal to 1, and each § — " path has the same length n + 1, we have:

+1)(n+2)

a0y ,<(n—.

P =T
v;,v;€p,1<i<j<|p|

Therefore, there exists a solution of Problem 1 with objective value W if and only if there exists

a 5 — t" path in G’ such that the cost of any node pair in this path is 1, if and only if the instance of

PAFP is a yes-instance. O

C Backtracking strategy of the dynamic programming algo-
rithm

Here, we provide the pseudo-code of the backtracking strategy. Initiating from the sink node ¢, designated
as the end node, we select the subpath where the starting node of the path is identified as the node that
maximizes the expression on the right-hand side of Equation (4) (line 5 of Algorithm 3). Furthermore,
this chosen subpath maximizes the function f across all paths extending from the start node to the end

node (line 6 of Algorithm 3). The end node subsequently transitions to being a parent node of the start
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node that has the maximal OPT value (line 7 of Algorithm 3). This procedure is iteratively conducted
until the start node becomes the source node s. The reconstructed path p,p: is the inferred genome we

want.

Algorithm 3 Dynamic program backtracking

1: Input DAG G equipped with a source node s and sink node ¢, OPT
2: Queue @ «+ 0

Lt k<t

4: while k # s do

5: k < argmaxy p,, ¢ {maxvepA(k) OPT (v) + q(k, Z)}
6: p < argmax,cp, f(p)

7: | < argmax, ¢ p ) OPT(v)

8: Q.insert(p)

9: end while

10: popt < concat{p; | p; € Q}

11: return Q, pope

D Proof of Proposition 1

Here, we provide the proof of Proposition 1.

Proof. Let pope and D be a path and its domain such that:

Popt

Y fUaf b)) = maxmax Y f([af, b)),

. pEPsy D
[a? bP]eD " al bP1ED,

Popt

Let m = |ﬁpm |, We first prove that for any j < m,

> f(lafr b)) < OPT(b;").
When j =1, we have:
F(lay™", 677" ]) = f([5,657"]) < q(s,077") < OPT(y").

By induction,

J+1 J
D flat oy = f(lay o) + flaf o)
i=1 i=1

< OPT(b;") + alafyy, 057)

UGPA(a;)j’jt )

< OPT(b57).

< max OPT(v)+ q(aj;ff, bfj_pf)
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Therefore,

P 1P _ Popt 3 Popt opt) —
macmax Y ()= 3 (el 6 < OPT@) = OPT(®).
[a? bY]ED, [a? ] D

Popt

On the other hand, let us denote the output Q of Algorithm 3 as Q := {p1,p2,...,pn}. It is easy to see

that the concatenation of all subpaths in @ results in forming a coherent s-t path in G, so we have:

n

OPT(t)=> f(pi)) < maxmax »  f([a?,b}]).

. pEPsy D
i=1 T aralen,

1771

Therefore, we have OPT(t) = maxpep,, Maxp, Y (,» y7jep, f([a?, bF]). O

E Discussion of the NP-hardness of computing the function ¢

In this section, we discuss the NP-completeness of computing function g. We first show that with the

definition of f in (2), computing the function ¢ in (5) is NP-complete.

Problem 3. Suppose we are given a directed acyclic graph G = (V, E) with a source node s and a sink
node ¢, a pre-computed function p: N = R, a float value v > 0, and a cost function c: V x V = R>g
that maps every pair of nodes to a non-negative cost. ¢ is symmetric in a sense that c(v,v’) = ¢(v’, v).

The problem is to find a s-t path p = {v1,va,..., vy} over all s-t paths that can maximize the form

flp) = ﬁ Zvi,v_jép,1§i§j§|p| c(vi,v;) — p(|pl), where vy = s and v, =t and Vi, (v, vi41) € E.

Since a subgraph of a directed acyclic graph is also directed acyclic, in our case of computing g(k, 1),

the source node is k, the sink node is {, and the cost function c(v;,v;) is equivalent to M (v;, v;).
Theorem 3. Problem 3 is NP-complete.

To prove Theorem 3, we first prove the NP-completeness of another problem, Problem 4, with a

simpler definition of the function f.

Problem 4. We are given a directed acyclic graph G = (V| E) with a source node s and a sink node ¢,
and a cost function ¢ : V x V' — R>( that maps every pair of nodes to a non-negative cost. c is symmetric
in a sense that c(v,v’) = ¢(v',v). The problem is to find a s-t path p = {v1,v2,...,v|,} over all s-t paths

that can maximize the form >°, 1 <;<;<|p €(vi,v5), where vy = s and vy =t and Vi, (v, vi41) € E.
Lemma 1. Problem 4 is NP-complete.

Proof. The proof is highly similar to the proof of Theorem 1. We reduce PAFP on DAGs to Problem 4.
Given an instance of PAFP with a DAG G = (V, E), a source node s, and a sink node t. We define a
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symmetric cost function ¢ on G, such that:

0 if (v,v')eF

c(v,v') = c(v',v) =

1 otherwise.

We convert G to a new DAG G’ = (V' E’) such that every path from the source node to the sink node
in the new graph has the same length (same number of nodes). We use Breadth-First-Search (BFS),
starting from s to generate the new graph. We first create G’ that only has a source node §, i.e. V' = {5}
and E' = (. Let Vo = {s}. Given the node set V;, via BFS on G we create a new node set V; 1 which
are all child nodes of the nodes in V;. For each node v € V11, we add a corresponding node v+l in G
For each node pair (v/,v) such that v/ € V; and v € Vi1, we add an edge from v/* to +! in G’ if v/ is
a parent node of v in G. If # is already added in G’, we add a node t**! in G’ and add an edge from
t* to tF1. If additionally ¢ is in Vi, 1, meaning that £**! is already in G’, we only add an edge from #*
to £t without adding the node "1 again. This procedure is iteratively conducted until V;1; = {t}
or Vi1 = 0. Figure S2 shows an example of constructing G’ (Figure S2(b)) from the original graph G
(Figure S2(a)). Since |V;| = O(|V]), we have that |V'| = O(|V|3). Therefore, the construction of G’
can be accomplished within polynomial time. Besides, it is easy to see that G’ is a DAG. Let t" be the
node in G’ that corresponds to the sink node in G, which was added during the final iteration of the
procedure. The set of s-t paths in G has a one-to-one correspondence with the set of paths from s and
t" in G'. Moreover, all the paths from 5 to " in G’ maintain equal lengths n+1. We define a symmetric

cost function ¢’ on G’, such that:

"5 = @, 0") = e(v,0).

Therefore, the instance of PAFP is a yes-instance if only if there exists a § — ™ path in G’ such that the
cost ¢’ of any node pair in this path is 1. The DAG G’, combined with the source node §, the sink node
t", and the cost function ¢/, becomes an instance of Problem 4. There exists a solution of Problem 4

)

(n+1)(n+2)

5 if and only if there exists a § — t" path in G’ such that the cost of any

with objective value
node pair in this path is 1, if and only if the instance of PAFP is a yes-instance. Therefore, Problem 4

is NP-complete. O
We now prove Theorem 3.

Proof of Theorem 8. Using the same strategy as the proof of Lemma 1, we convert an instance of PAFP
to a new DAG G’ with the source node 5, the sink node ", the cost function ¢/, and arbitrary v and
1, which also becomes an instance of Problem 3. Since all the paths from 5 to t” in G’ maintain equal

lengths n + 1, if and only if the instance of PAFP is a yes-instance there exists a solution of Problem 3
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1 (n+1)(n+2)
1] 2

with objective value — p(n 4+ 1). Therefore, Problem 3 is NP-complete. O

The NP-completeness of ¢ function computation is not attributed to the exclusive definition of func-
tion f as outlined in (2). We now consider some other definitions of f and prove that computing ¢
remains NP-complete under these definitions. First, we define f as ﬁ > i yepi<i<j<ip| €(Vis v;) with-

out u function.

Problem 5. Given a directed acyclic graph G = (V, E) with a source node s and a sink node ¢, a float
value v > 0, and a cost function c: V x V — R>( that maps every pair of nodes to a non-negative cost.

c is symmetric in a sense that c(v,v’) = ¢(v',v), the problem is to find a s-t path p = {v1,v2,...,vp|}

over all s-t paths that can maximize the form f(p) := ﬁ Zvi,vje;),1<i<j<|p| ¢(v;,v5), where v1 = s and

vjp| =t and Vi, (vi,vi41) € E.
Theorem 4. Problem 5 is NP-complete.

Proof. Using the same strategy as the proof of Lemma 1, we convert an instance of PAFP to a new DAG
G’ with the source node 5, the sink node #", the cost function ¢/, and an arbitrary v > 0, which also
becomes an instance of Problem 5. Since all the paths from 5 to " in G’ maintain equal lengths n + 1,

if and only if the instance of PAFP is a yes-instance there exists a solution of Problem 5 with objective

1 (n+1)(n+2)

EESIR 5 . Therefore, Problem 5 is NP-complete. O

value

To obviate the necessity of pre-specifying the value for the hyper-parameter v, we also consider
the following representation of function f, characterized by a normalization form devoid of any pre-

determined hyper-parameter:

Problem 6. Let us be given a directed acyclic graph G = (V, E) with a source node s and a sink node
t, and a cost function ¢ : V' x V' — R that maps every pair of nodes to a non-negative cost. c is
symmetric in a sense that c(v,v") = ¢(v',v). The problem is to find a s-t path p = {v1,v2,...,vp|} over

all s-t paths that can maximize the form

Zvi,vj ep,1<i<j<|p| c(vi, vy)

szEp,v’@Zp c(vi, ') + Zvi,vjepylﬁiéjﬁ\p\ c(vi,v;)

f(p) ==

where v; = s and v, =t and Vi, (vs, vi41) € E.

Here, the denominator of f represents the cumulative contact count between nodes within path p
and all nodes within graph G, irrespective of their presence in path p or not. We prove in the following
that, with this new definition of f, computing the function ¢ remains NP-complete. Given the inclusion
of this denominator form, the proof is significantly more intricate compared to the proofs of Theorem 3

and Theorem 4.

Theorem 5. Problem 6 is NP-complete.
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Proof. A cubic graph is a graph in which all vertices have degree three. The problem of finding a
maximum independent set on cubic graphs, denoted as MIS-3, is NP-complete [Choukhmane and Franco,
1986]. We prove the hardness of Problem 6 via the reduction from MIS-3.

Given an instance of a cubic graph G7 = (V1, E1), we first construct a directed acyclic graph Gy =
(Va, Es). Assuming that V; consists of n nodes, denoted as {vy, v, ...,v,} (note that the indices of these

nodes can be arbitrary), we introduce two nodes in Vs for each v; € Vi: v¢™ and v; /1 Furthermore,

4

we incorporate a source node s, a sink node ¢, and a “zombie” node vy into Vs, resulting in the set

Vo = {s,t,v0} U {5, v wgn w07 wom el T

y¥n Y n

i1 , and vg. Subsequently, we

In the new graph, we first add three directed edges from s to v{", v{
add two directed edges: (v2",t) and (vSff,t). Finally, for each v € {v¢™, vfff},i e{l,...,n—1}, we
add two directed edges (v,v?;) and (v,v; _{{ ). Figure S3 shows an example of constructing G5 from a
cubic graph G;. It is easy to see that Gy is a DAG, and the construction can be accomplished within

polynomial time.

Figure S3: An example of generating a DAG (b) from a cubic graph instance (a) in the proof of Theorem 5.

We define the symmetric cost function ¢ on Go as the following:

e For each v € V3, ¢(v,v) = 0.

n(n271) +1.

For each v € Vo, ¢(s,v) = ¢(v, s) = 0, except that c(s,v9) = c(vg, s) =

For each v € V3, ¢(t,v) = c(v,t) = 0.

For each v;,v; € Vi, if (vi,v;) € E1, then set c(vf™,v§") = c(v§",v{") = 0.

o Set c(vo™, vy = (¥ vom) = 0 for each i € {1,...,n}.
e For all the other cost values c(v;,v;),v;, v; € Vo that have not been defined above, set as 1.

Since

f(p) = 2 i vyepi<i<i<lp] (Vis 5) _ 1
Z’Ui €p'dp c(vi, v') + Zvi71/'€p71<i<j<|p| c(vi, vj) Zosepatep (L) 17
e 2 v, wjepa<i<i<|pl €(VirYs)
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let

Api= D dwew), Bpi= DD eloid),

3,05 €p,1<i<j<|p| v €p,v’ Ep
then maximizing f is equivalent to maximizing g—z.
An s-t path in G2 can be considered as a node subset selection in Gi: if v{" is in the path, then
v; € V1 is selected, otherwise v; is not selected. We show in the following that any path that maximizes
f corresponds to a maximum independent set of Gy.
Let p* be a path in G that maximize f, and define V{ := {v; € V1|0 € p*}. We first prove that V{
is an independent set of G1. If not, then these exists two nodes v;,v; € V4 such that (v;,v;) € E; and

v v™ € p*. Without loss of generality, we pick ¢ from {7, j}, and consider a new path p’, a e nodes
E *. Without 1 fg lity. ick ¢ f iy J d id th p’, all th d

Ay Ay,

in p’ are the same as p*, except that vioff cp', vf" ¢ p’. We show in the following that £ < =
P P

of f

e For the numerator A, since only one node is changed (v¢™ — v;’7), the differences between A,

and A, are all from cost values related to node v;. Since:

- c(vfff,v;.’”) —c(vf™,ve")=1-0=1;

— For any k ¢ {i,j}, if v{" € p, then c(v‘-’ff,vz”) — c(vy™,vp") > 0; if v,‘sz € p, then

2

c(vfff,vsz)—c(vfm,vsz) =1-1=0,

7

we have that A, > Ay« + 1.

e Similarly, for the denominator B, the differences between B, and B, are all from cost values

related to node v;. Since:

— in p*, c(vQ”,v;ff)+c(vfff,v;?") =1+1=2 whilein p/, c(vfff,v;ff)—kc(vf",v‘-’”) =1+0=1,

[ J
?ff l{m,v;_)ff) _ C(U’L_Off7v;_m) — _1;

; ,vo,ff) + c(vf", v3") — c(v

hence c(v )

— For any k ¢ {Za]}a

% if (vg, ) ¢ By and 0™ € p, then c(v?'F w271y 4 c(vom, vgm) — e(vo, 27Ty — c(v?T7  vgm) =

7 1

1+1-1-1=0,
x if (vg,vk) ¢ Eq and vsz € p, then c(vfff, vg")+c(vf”,v,:ff)fc(vf”, vgn)fc(vfff, szf) =

1+1-1-1=0,

% if (vg, ) € By and 0" € p, then c(v? w21 4 c(vom, vg™) — c(vg™, 03?1y — e(0P!  vgm) =

K3
140-1—1=-1,
x if (vg,v,) € Eq and vsz € p, then C(Ufff, v,ﬁ")—%—c(vf”,vsz)—c(vf",vg")—c(vfff, vsz) =
1+1—-0—1=1. Since G is a cubic graph, the number of node vy that is different from

v; and has an edge with v; is at most 2.
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Therefore, B,y < Bp- —14+2%1= By + 1.

For any s-t path in G, it is easy to see that 4, < (g) -1 = @, besides, B, > @ + 1 since s is

always in the path and vy is always not in the path, which means that B, > A,. Therefore, we have:

Ay _ Ay +1 Ay
By "B, +1- B,

This means that f(p’) > f(p*), leading to the contradiction. Therefore, V{ is an independent set of Gj.

Next, we show that V{ is a maximum independent set of G. For each independent set V/, of Gy, we

1
187

construct a s-t path p;s in G5 that corresponds to it: if v; € then v{" € p;s, otherwise vioff € Dis-

Since V/, is an independent set,

_ n(n-1) 1= n(n—1)

Pis 2 - 2 9

o A

e For all those n — |V/| “off” nodes vfff in pis, vaffems,v’ems e W) = (n— [ViD)(n—-1)-1=

K3

(n —|V/|)(n — 1), and for all those |V/,| “on” nodes v{", > (v, v') = |Vil(n—4)-

’
v EP;is, v EPis

1+1|V.]-3-0=|V.|(n—4). Therefore, we have:

-1 3 —1
By =" - - 1)+ -0 = PO gy

Hence:

Ap'is e

2
By, 2= 41 - 3vy|

If V. is not a maximum independent set, then by choosing a maximum independent set V;, we have

[VIL] > |V]]. Let p;s be the s-t path in Go that corresponds to V7, we have:

159

n(n—1) n(n—1)
Ap;. _ 2 > 2 — Ap*.
By, ntcbD g _gpyy) T oSecl g _3)yy) By

This means that f(p’) > f(p*), leading to the contradiction. Therefore, finding an s-t path p* in
G2 that maximizes the objective function in Problem 6 is equivalent to deciding whether there is a
maximum independent set in Gy with size % <2n(n -1)+1- f(p*)@) Therefore, Problem 6 is

NP-complete. O

Computing the ¢ function remains NP-complete if p function is added into the form of f defined in

Problem 6.

Problem 7. Suppose we are given a directed acyclic graph G = (V| E) with a source node s and a sink

node ¢, a pre-computed function p : N = R>g, and a cost function ¢ : V x V' — R>( that maps every
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pair of nodes to a non-negative cost. ¢ is symmetric in a sense that c(v,v") = ¢(v’,v). The problem is to

find a s-t path p = {v1,v,... 7v|p|}~ over all s-t paths that maximizes the form

Zui,vj ep,1<i<j<|p| c(vi, vy)

Liviepwrgp Wi V') + 220, o epr<ici<ipl (Vi )

f(p) = ) - u(lpl),

where v; = s and v, =t and Vi, (vs, vi41) € E.
Theorem 6. Problem 7 is NP-complete.

Proof. Using the same strategy as the proof of Theorem 5, we convert an instance of MIS-3, G1, to a
new DAG G2 with the source node s, sink node ¢, the cost function ¢, and an arbitrary p function, which
also becomes an instance of Problem 7. It is easy to see that all the paths from s to ¢ in G2 maintain
equal lengths n 4 2, where n is the number of nodes in GG;. Therefore, finding an s-t path p* in G5 that
maximizes the objective function in Problem 7 is equivalent to deciding whether there is a maximum
independent set in Gy with size § <2n(n —D+1-(f"(p*)+pn+ 2))%) Therefore, Problem 7 is
NP-complete. O

F The NP-hardness of the function ; computation

According to Filippova et al. [2014], we first define the function p as:

1
wu(l) == R Z Z c(vi, v5).

PEP v;,v;€p,1<i<j<|p|

Here, P, is the collection of all paths with length [ in the directed acyclic genome graph G and c(v;, v;) is
equivalent to M [v;, v;], the number of contacts between node v; and node v;. With the linear reference,
each node corresponds to a genomic bin. Filippova et al. [2014] demonstrated a method for efficiently
pre-computing g on the linear reference genome. However, while the above formulation of p can be
polynomially computed on a DAG, using it is not a viable option as an indicator of expected interaction
frequency in our scenario. This is primarily due to the presence of unnecessary nodes within the genome
graph, a phenomenon persisting even post-pruning. Consequently, we encounter redundant paths —
paths not present in the sample genome from which the Hi-C data is derived. Such paths might exhibit
minimal interactions, and their inclusion in the p calculation would introduce significant underestimations
of the expected density.

Instead, we consider another definition of p on genome graphs. Let P;(v) be the collection of paths
that start from node v and have length I, define pu(l) as:

. ZvGVl ma‘XPGPl(”) Zvi,vjEp,lgiSjg\p\ C(vi’ Uj)
p(l) = i ,
1l
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where V; represents the set of nodes in the genome graph where at least one path with a length of [
originates. For each node in the graph, we only consider the paths with maximum interactions amongst
all paths originating from the same node and possessing equal length. This is because, intuitively, paths
with the most interactions are more likely to represent the ground truth paths—those actually present
in the sample genome. Unfortunately, we prove in the following that obtaining the value of (1) with the

definition above for all I € N likely cannot be achieved within polynomial time.

Theorem 7. Let [, be the length of the longest path in G. The problem of computing the vector

U := [p(i))mse € Rimes is NP-complete.

Proof. We prove Theorem 7 via a reduction from Problem 4. Given an instance graph G = (V, E) with
source s, sink t and the cost function ¢, we assume—without loss of generality—that there exists a path
from s to every node v in G, and a path from each node v to t. In instances where this is not the
case, nodes without such paths (and their adjacent edges) can be removed within a polynomial time
frame, without altering the objective value. Furthermore, we assume—without loss of generality—that
c(t,v) = ¢(v,t) =0 for all v € V (otherwise we can add a new sink node ¢’ with costs ¢(t',v) = ¢(v,t') =0
for all v € V and add an edge from ¢ to t').

We use the same way to convert G to a new DAG G’ with source node 5 and sink node #". Therefore,
Figure S2 is also an example of graph conversion utilized here, except that G in Figure S2(a) represents
an instance of Problem 4 rather than a PAFP instance. We define the cost function ¢’ on G’ such that
(" 57) = (@ ,0") = e(v,v).

It is easy to see that all the paths in G’ that has length n + 1 are from 5 to #*, and all the paths
from 5 and " in G’ maintain equal lengths n + 1. Therefore, we have V,,11 = {5} and P,,1;(5) is equal
to Pszn, the collection of all § — ¢™ paths. Therefore, in G7,

u(nJrl):; max Z (v, vj).

a.
n+ 1)~ pEPsin L
( ) " v vy€p,1<i< < pl

Since the set of s-t paths in G has a one-to-one correspondence with the set of paths from 5 and " in
G', we have:
p(n+1)(n+1)7" = max Z d (vi,v;) = max Z c(vi,v5),

PEPsin iy PEPst .
" wi,v€p,1<i<i<|pl " s v€p,1<i<<p|

The last formula is the objective function of Problem 4. As a result, if U can be computed in polynomial
time, then pu(n 4 1) can be computed in polynomial time, which means that Problem 4 can be solved in
polynomial time, leading to the contradiction. Therefore, obtaining the values of the vector U = [u(z)]i;”‘il

is NP-complete. O
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G More discussion on the heuristic algorithm for computing q

G.1 Details of the insert function

Here we provide the details and pseudocode of the insert function.

Algorithm 4 insert function

1: Input node set p in which nodes are topologically sorted, matrix M,., nodes list T" that contains all
nodes in G sorted by their topological order, integer variable edges, node v
Find two adjacent nodes v; and vy in p such that T.index(v1) < T.index(v) < T.index(vs).
if v1 = v or v = v then
return p,edges
end if
if M,.[v1,v] =1 and M,[v,vs] =1 then
p < update(p,v)
edges + edges + is_edge(vy,v) + is_edge(v, va) — is_edge(vy, v2)
end if
return p,edges

© P NP

—
=

G.2 Time complexity analysis of the heuristic algorithm

We show the proof of Theorem 2.

Proof. We first show that the time complexity of running Algorithm 4 once is O(log(|V|)) where |V|
is the number of nodes in the graph. We use a balanced tree such as AVL tree to maintain all nodes
in p, and use the tree to identify two adjacent nodes, v; and wvs, in p, where the topological ordering
of v falls between that of v; and vy (line 2 of Algorithm 4). Since the existence of a path traversing
all nodes within p has already been confirmed in earlier steps, a path that passes through all nodes in
pUw is existent if, and only if, there is a path from v; to v as well as a path from v to vy (line 6 of
Algorithm 4). If the path exists, the node v is then inserted into the balanced tree and p is updated
(line 7 of Algorithm 4). By using the tree structure, the time complexity of both operations, line 2 of
Algorithm 4 and line 7 of Algorithm 4, is O(log(|p|)). All the other operations in Algorithm 4 are O(1).
Since |p| < |V, the time complexity of Algorithm 4 is O(log(|V])).

The task of computing f(p) generally has a time complexity of O(|p|?), as it requires summing up the
interactions across all node pairs in p. Considering that Algorithm 1 may call the insert function up to
|V| times and evaluate f just once, the total time complexity for Algorithm 1 is O(|V|log(|V]) + |V |?) =
o(VIR).

In a DAG, the reachable matrix M, can be computed within O(|E||V]) via the topological ordering,
where |E| is the number of the edges in the graph. The dynamic program (4) only requires a single
computation of M, and invokes Algorithm 1 up to O(]V|?) times. Therefore, the total time complexity

of the dynamic program when utilizing the heuristic algorithm is O(|E||V| + |V|*) = O(|V [*). O
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G.3 Worst case example

Figure S4: A worst-case example of the heuristic algorithm

We construct a worst-case family of instances for our heuristic algorithm. Let p represent the path
from node £ to node [ as predicted by Algorithm 1, and let py; denote the “ground truth” path, defined
as pg¢ = argmax,cp,, f(p). Consider the graph shown in Figure S4: there are n + 2 nodes in this DAG,
V ={k,l,v1,va,...,0,}. Foreachi € {1,...,n}, there is an edge from k to v;, (k,v;), and an edge from

v; to I, (v;,1). We create a contact matrix M on this graph, defined as:

1 fx=viandy=wv;,i€{l,...,n}
Mlz,yl =< m ifr=kandy=v,, m<n

0 otherwise.

In this example, since:

v] = argmax Z M{v,0'], Z M{vy,0v'] = n,
v'eV v'eV

our heuristic algorithm will pick the node v; and output the path p = kK — v; — [. The total interactions

within p is equal to 0,
Mk, k) + Mk,v1] + M[k,l] + M[v1,v1] + M[v1,l] + M[l,]]=04+0+0+0+0+0=0,
while pg; is the path & — v,, — [, with the interactions:
Mk, k] + Mk, v, + M[k,l] + M[vy, vs] + Mvn, 1] + M[I,]] =04+m+0+0+0+0=m.
Therefore, we have:

o) = J(6) = 55 = n(®) = (0 - u(3)) = 5.
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Since the values of m and n can be chosen to be arbitrarily large (as long as m < n), the discrepancy

between f(p) and f(pg:) can be infinitely large.

G.4 Theoretical framework justifying the accuracy of the heuristic algorithm

As we describe in the main text, within the scope of Hi-C analysis, the distribution of interactions on
a genome graph is not arbitrary. We construct a theoretical framework that more accurately reflects
the real-world Hi-C situation, and demonstrate that with high probability our heuristic algorithm can
output the path p that is equivalent to p,; as long as the number of mapped read pairs (interactions) is
not too small.

Suppose we have a directed acyclic genome graph G = (V, E) with source node s and sink node ¢, and
we specify a ground-truth path py; connecting s and ¢. Let A" denote all the ordered node pairs of on G
X ={(v1,v2) | v1,v2 € V,0q <top vo}, where <top denotes the inequality under the topological ordering.
We will define a probability distribution P(X) on G and assume the interaction pairs are independent and
identically distributed (iid) samples from it. Specifically, we assume that the probability mass function

p(z) = P(X = x) of the distribution takes the following mixture form:
p()=PX=z|Y=1)PY =1)+PX=2|Y =0PY =0).

Here, Y is a random variable indicating from which latent state the sample is drawn: Y = 1 represents
the “ground truth” state, while Y = 0 represents the “noise” state. The samples from the noise state

are less informative—We assume that the interaction is sampled from a uniform distribution over X':
P(X=z|Y =0)=|X"", forallz=(v;,v2)€X.

In the “ground truth” state, we assume that both of the nodes of the interaction lie on the path pg;.
Therefore, the support of X conditioned on Y = 1 is a subset Xy of X', which is defined as Xy =
{(v1,v2) | v1,v2 € pgt, 1 <itop V2}. Moreover, as shown in previous work such as Ay et al. [2014], in Hi-
C experiments the probability of observing an intra-chromosomal interaction between two chromosomal
locations is inversely related to their genomic distance: the smaller the distance, the higher the likelihood.

Formally,

|pge—1]

PX=z|Y=1)= Y PX=z|dX)=wPdX)=w|Y=1)
w=0

=P(X =2 | d(X) = d(z))P(d(X) = d(z) | Y = 1).

Here, d(z) = d((v1,v2)) is the number of edges between v, and vy in pgs, which indicates the distance
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between v; and ve. Similar to Ay et al. [2014], we further assume that the probabilities of observing
interactions at the same distance are equivalent. This implies that P(z|d(z)) = {|pgt| — d(z)} ! because
the number of unique interactions with a distance value dy in the path pg: equals |pg¢| — do, where |pg|

denotes the number of nodes in pg. In summary, we have the following assumption about p(x):
Assumption 1. Given a DAG G = (V, E) with source node s and sink node ¢ and the ground truth
path pg¢ connecting them, the probability mass function p(z) can be factorized as follows:
p(x) = {|pge| — d(2)} 'P(d(X) = d(z) | Y = DP(Y = 1)+ | X|T'P(Y =0).
We further assume the probability of sampling from the ground truth state is strictly greater than zero:
P(Y =1)>0.
Furthermore, we have an assumption on P(d(X) =d(z) | Y = 1):

Assumption 2. From any D > d > 0, we assume

P(X)=D|Y =1) _|pyl- D
PAX) = d |V =1) = [pyl—d ™)

Assumption 2 states the probability of sampling an interaction with a larger distance is smaller than
that of one with a smaller distance. Moreover, such a decay rate, as with respect to the distance value,
is faster than linear. This is a mild assumption. In fact, as illustrated in Figure 1 of Ay et al. [2014],
the count of intra-chromosomal interactions typically decays exponentially with an increasing genomic
distance, which is much faster than our assumed linear rate. When the equality holds in (7), combined
with the factorization Assumption 1, the sample probability P(X = x | Y = 1) is also a constant: In this
case, the samples are generated from uniform distributions under both the ground truth and the noise
states.

In practical applications, we generally find that these two assumptions hold true while calculating
q(k,1) for the majority of node pairs (k,l). Nonetheless, these assumptions may not apply in cases
involving large deletions. As described in Section 2.8, we have implemented additional modifications to
our algorithm to effectively address such scenarios.

Given a set of iid interaction pairs Z = {x; € X,i = 1,...,|Z|}, our main result on this theoretical

model is as the following:

Theorem 8. Under Assumptions 1 and 2, for any k& > 0, the predicted path, p, from the heuristic
algorithm is identical to the ground truth path p,, with a probability greater than 1 — exp(—k) so long
as the number of interactions |Z| is greater than C|pg|(log(]V]) + k). Here C' is a constant whose value

only depends on P(Y = 1).
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In Hi-C datasets, |Z| denotes the total number of read pairs. To prove Theorem 8, we need the
following theorem, which states that the probability of p deviating from p4; decreases exponentially with

respect to |Z].

Theorem 9. Given the set of interactions Z = {z; € X'} where z1,22,...,77 i P(X). Under the

Assumptions 1 and 2, we have:

R Z|C3
]P(p 7é pgt) < (|V| - |pgt|) €Xp § — P(Y=1) 3 4P(Y =0) + |p9t| €eXp § —

s(L—e) o + (1= 3) T

|Z|cC?
202 4 2C%C1

for any 0 < ¢1 < (Ci|pge|) "'P(Y = 1). Here, C;, Cy and Cj are constants whose value does not depend
on |Z|:
P(Y =1)  2P(Y =0) AP(Y =1)  2P(Y =0)

C: + 702 + ,CZI—C
o R | A W ES R

P(Y =1) 2P(Y = 0)
— C
Pyt EY

We first sketch the overarching concept behind the proof. If the output p from our algorithm is
different from pg¢, then there exists a node outside of py; that is selected by the algorithm before all the
nodes from pg are chosen. Let C(v) be the number of the interactions in Z that include node v, i.e.,

C(v) = {z; = (vi,v}) € T | vt =v or v = v}|. Then we have:

'U¢pgt VEPgt

P(p#pg) <P < sup C(v) > inf C’(v)) .

Therefore, P (p # py:) can be upper bounded if P (supvipqt C(v) > infyep,, C’(v)) is bounded. The ideas

to bound P (supvepqt C(v) > infyep,, C(v)) are two fold:

e By using the concentration inequalities, we show that as the value of |Z| increases, SUPygp,, C(v)
approaches a constant value A, while inf,¢,,, C(v) approaches another constant value B. These

constants are correlated with the expected values respective to each.

e We show that, since A < B, the likelihood that sup,g¢, , C(v) exceeds inf,ep , C(v) diminishes as

|Z| increases.

To prove Theorem 9, we need the following several lemmas. Recall that C(v) be the number of
the interactions in Z that include node v, i.e. C(v) = |[{x; = (vi,v8) € T | vi = v or vy = v}|. The
first lemma quantifies the average number of interactions containing any fixed node on the ground truth

pathway.

Lemma 2. For any v € py,

ZIP(Y =1)  2/Z[P(Y = 0) AIIP(Y = 1) 2Z[P(Y = 0)
SECOI< =0 ER

Pyt vi+1 =
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Proof. Let vy be a fixed node on the ground truth path py;. We define dy := min(d(s, vg), d(vo,t)) > 0
and dy := max(d(s, vo),d(vo,t)) = |pgt| —1 —do > 0.

Consider a binary random variable Z;, such that:

1 if the interaction X; includes node vy,
Zi = (8)

0 otherwise.

We can directly verify that C(vg) = 212:‘1 Z;. To study E[C(vg)] we just need to study E[Z;]. Since
X1, X2, ..., X|z| are independent random variables, we have that Z1, Zs, ..., Z|z| are independent random
variables as well.

In the “ground truth” state, the probability of vy being in one sampled interaction is (law of total

probability):
do dl
PAX)=k|Y =1 P(d =k|Y =1
P x|y == 3SR =EY =D | S PUR) =k ¥ =)
0 Pyt b1 Dyt
Applying Assumption 2, we have:
d() dl
PA(X)=k|Y =1) PAX)=k|Y =1)
P(’UO eX|Y= 1) = +
| kZ:O [pgt| — K kZ:l [pge| — K

do [pgt|—1
PA(X)=Fk|Y =1 Pd(X)=Fk|Y =1
> (d(X) Ik ) 3 (d(X) Ik )
— [Pgt| — e [pgt| —

REPA) =k [V =1) ”i‘l Pd(X)=Fk|Y =1) 1
=0 [pgt| — K N 50 [Pyt ‘pgt|.

The last inequality holds because le ol P(d(X) =k |Y =1) = 1. Furthermore, using Assumption 2

again, we have:

Ipg

| 2gel
PAX)=k|Y=1) _
Plope X|Y=1)<2 g <
( 0 | ) |pgt| -k |pgt|

ZIP’ X)=k|Y=1)<

|pgt|

VI(V]+1)
2

In the “noise” state, since every interaction in X is equivalent, |X'| = , and since the number of

interactions that contain vg is |V|, we know that the probability of vy being in one sampled interaction
o 2
1S W

Therefore, for each i € {1, ..., |Z|},

P(i=1) , 2P(¥i=0)
[Por] Vi+1

P(Z;=1)=P(Y;=1)Poo € X; | Yi=1)+P(Y; =0)P(vg € X; | Y; = 0) >
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Similarly,

4P(Y; =1 2P(Y; =

bz, 1)< BH=D) | 2P(i=0)
Pyt Vi+1

Therefore,

IZ| IZ|

IZIP(Y =1)  2|Z|P(Y =0) 4ZIP(Y =1) 2|Z|P(Y =0)
+ <E[C(v)] =) ElZ]=) P(Z;=1)< +
[Pyl Vi+1 ; ; Pyt Vi+1

Since vy is arbitrarily chosen, the inequalities above hold for all v € pg. O

The next lemma bounds the variance of number of interactions containing a node on pgy;.

Lemma 3. For each v € pg,

AZ[PY =1)  2Z|P(Y = 0)
Var[C(v)] < Por + Vi1

Proof. Let Zy,Zs, ..., Z7) denote the indicator variables defined in (8). Since they are independent, we

have:

IZ|
Var|C(v)] = Var Z Z;
i=1

< 4ZIP(Y =1)  2|Z|P(Y =0)
N |pgt| Vi+1

O

Based on Lemma 2 and Lemma 3, we can prove the following lemma, which gives a lower bound of

the constant value B.

B(Y=1) 4 2P(Y=0) _ 4 Cy = 4P(Y=1) | 2P(Y=0)

Lemma 4. Let C; = o] + v [Dgt] VI+1 >

then for any 0 < ¢; < 1, we have

vEPgt 2Cy + %

T 22
P(inf C<v>s<1—c1>z|cl)gpgt|exp{— Gy }
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Proof.

P ( inf C(v) <(1- 01)|IC1) =PFv €py, Cv) < (1 —c1)|Z|Ch)

VEPgt

< >R < (1 —e)[Z|Ch).

VEPgt

Inequality 1 holds because of the union bound. According to Bernstein inequality and the fact that for

all 4, |Z;| <1. We have that for all ¢ > 0,

IZ| IZ|

P(Cv) —E[CW)] < —t) =P (> Z—E | Z| <t

t2
<exp{ — s
{ 2 Var(z] + % }

and

P(C(v)—E[O(U)]Zt)SeXP{—QZu Vt [Z]+2t}'
i=1 ¥ aTZi| T %

Since |Z|C; < E[C(v)] (Lemma 2) and Z‘ ! Var(Z;] <|Z|Cy (Lemma 3), we have:

P(C(v) < (1 —c1)|Z|C1) < P(C(v) < E[C(v)] — e1]Z|Cy)

P(C(v) - E[C(v)] £ —a1|T|Ch)
(c1|Z]Ch)?
< exp { T 261 |Z]Ch
‘ I Var|Z] + 7'53‘
CﬂI‘Cl)
< exp
{ Q‘Ilc + 201|I‘C1
= exp |I|
20 + 2C101

Therefore,

1}»( inf C(v) < (1 —cl)Cl) < ) P(C) < (1-ea)Ch)

VEPgt vEpas
g
|Z|ciCE
< Z Cxp{_QC + 2¢,C1
VEPGt 2 3

e | _TCE
= |Pgt p 202 i 2013C1

O

The next lemma quantifies the average number of interactions containing any fixed node not on the
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ground truth pathway.

Lemma 5. For each v ¢ py,

2|Z|P(Y =0)
ElCOW)] = —F———
Vi+1
Proof. We use the same strategy as Lemma 2. Since nodes that are outside of pg: can only be observed
in interactions that are from the “noise” state, the probability of a node outside of py; being in one
sampled interaction is

[VIP(Y =0) |VIP(Y =0) 2P(Y =0)
|X| N VIQVI+L) V] +1

Therefore, E[C(v)] = |Z| - QT‘(/T;O) for each v ¢ py:. =

The next lemma bounds the variance of number of interactions containing a node not on py;.

Lemma 6. For each v ¢ py,

2|ZIP(Y =0)
Var[C(v)] £ ————
co) <
Proof. We use the same strategy as Lemma 3. Given an arbitrary v ¢ pg:, consider a binary random

variable W; such that:

1 if the interaction X; includes node v,
W; =

0 otherwise.

Then P(W; =1) = 2I\P\(/1|/ff ). Therefore,

Var[C(v)] = ZVar[WJ <Y PWi=1)= W

O

Lemma 5 and Lemma 6 will help us derive an upper bound of the constant value A. Now we are

ready to prove Theorem 9.

Proof of Theorem 9. Let Cq = P(‘;/;‘l) + QTéTff), for any ¢; such that

P(Y =1) 1

0<c < -,
|pgt‘ Cl
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(for example, ¢; can be P(Y = 1)/3) we have:

P (sup C(v) > inf C(v))

vE€pgt vEDPgt

=P ( sup C(v) > inf C(v), inf C(v) > (1 01)|I|C'1> +P < sup C(v) > inf C(v), inf C(v) < (1 cl)|I|C’1>

vEpge VEPgt vVEPgt vepgs VEPgt VEPgt

<P ( sup C(v) > (1 — cl)|I|C'1> +P ( ienf Cv) <(1- cl)I|C'1)
vépgt v<Pgt

=D 1—c1>|z|cl>+1p(vn;ftc< ) < <1—cl>|z|cl>
vE€pgt
= Z P(C(v) —E[C(v)] > (1 —c1)|Z|C1 —E[C(v)]) + P (vier;;f Cv) < (1— C1)|I|C1>
vE€pgt gt
= ) — E[C(v oy (R =1 2Z[P(Y =0))  2[ZIP(Y =0)
_U;WP(C( ) - BiC) > (e (EEE =0, 200200 2R 20))

P (vierzl)fgt Clv)<(1- cl)|I|C1>
= Z P (C’(v) —E[C(v)] > (1 — )|I‘P( D 012|I|IP(Y — O)> JrIF’( inf C(v) <(1- 01)I|C'1) .

P ] Vi1
g

We used the union bound to get inequality 2. Let:

PY=1)  2P(Y =0)

03 =(1-— C1 —C )
e VT
by using Bernstein inequality again, We have that for v ¢ pg:
(I71Cs5)?
P(C(v) — E[C(v)] > |Z|C3) < exp
QZII\ Var[W;] + 2|Z|Cs
3 7/c3
= XD T ap(v=0) 4 2Cs
[VT+1 3
. 7ic}
- T2 P(Y=1) o1\ AP(Y=0)
s —e) o + (1= 3) o
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Let Cy = 419‘(;;;1) + QITX(/TEP), we have:

P (sup C(v) > inf C(U))

nggt Uepgt

< Y P(C(v) —E[C(v)] > |Z|C5) +P (Ui&it Clv) < (1- Cl)|I|Cl>

UQPgt
Z|C3 | Z|ctCY
< ) expq— + [pgt| exp  —
2 P(Y=1) c1\ 4P(Y=0) 9 2¢,.C
V&P g(l —c) Do) +(1- 3) VT 2C5 + 13 1
Z|C3 |Z|ciCt
= (|V| - ‘p9t|) eXp 4§ — P(Y =1 1\ 4P(Y =0 + |p9t| eXpq — 2c¢,C :
F1—c) (|pgt|) +(1-%) |\(/\+1) 20, + =5

Therefore, we have:

P(p#pg) <P < sup C(v) > inf C(v))

veDgs VEPgt
2 212
< (V] = Ipgt]) exp § — %(1 _ cl)P(z:;J)If:())l _ %1)41?‘(/3:10) + |pgt| exp {—wfflgz’q} .
O
Based on Theorem 9, we can now prove Theorem 8§:

Proof of Theorem 8. Since |V| > |pg:|, we have that:

P(Y =1) <0y = P(Y=1) 2P(Y =0) < P(Y=1) 2P(Y =0)

[Pyt [Pyt Vi+1 [Pyt [Pyt

Therefore, the inequality in Theorem 9 holds for any 0 < ¢ < P(‘;;‘l) u»(‘:i;‘l) _: w‘%io) = P(Y:Ei()i;;())/:o) ,and

in this region,

P(Y =1) 2P(Y = 0)
— C
Pyt Vvi+t

P(Y =1) 2P(Y =0) (1-—c)P(Y =1) = 2¢;P(Y =0) >0
— C1 = .
|pgt ‘ |pgt | ‘pgt |

03:(1—61) >(1—Cl)

We also have:

o, AP =1) P =0) 4P(Y=1) 2B(Y=0)_d4P(Y=1)+2P(Y =0)
2 = >~ = .
[Pyt VI+1 Pyt [Pyt [Pt
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Therefore,
Z|c3 |Z]c1CF
(V] = [pgt|) exp { — + |pgt| exp P vre
30— e) T+ (1= ) 20, + 245
Z|C3 |Z|ciCt
< [V]exp q - P(Y=1 w=oy (T [Perl exp 26.C
30— e) T + (- )T 2+ 0
7] ((1—c1)]P(Y:1)—2c1P(Y:O))2 7|2 (]P’(Y:l))2
< |V| eXp _ ‘pgt‘ + |p t‘ eXp _ 1 ngfl
2(1 — ¢ )B=D 4 (1 _ ey 4E(Y=0) 9 4P(Y =1)+2P(Y =0) 2c P(Y=1) , 2P(Y=0)
3(1 c1) [Pgt +( 3) [Pgt] 2 [Pgtl 3 ( [Pgtl + [Pgt] )
T A
= |V|exp{—C’4 2] }+|pgfexp{ Cs— 2| }
[Pgt| [Pgt|
where
O = (1 —c)P(Y =1) — 21 P(Y = 0))?
4= 73 _ c1 — )
f1=c)P(Y =1)+4(1 - F)P(Y =0)
and
o G = 1))’
(84 2)P(Y =1) + (4+ L)P(Y =0)

Therefore, given a small positive value € > 0, when

Pgt| 2|V| |Pgt| 2|pgt|
7| > m 1 1 :
‘ | - ax{ 04 8 € ’ 05 8 € ’

we have:

. |Z|C3
P(p # pgr) < (V| = |pgel) exp § — + |pgt|exp § —
2 P(Y=1) o\ AP(Y =0) g
3(1—a) Dgel +01-%) V+1

A A
<|V|exp{ Cy— 2] }+|pgt|exp{—05 12| }

[Pgt| gt

| Z|ciCt
202 + 2(,’%301

<

O

It is easy to see that, if we choose ¢; to be P(Y = 1)/3, and since P(Y = 1) +P(Y = 0) = 1, both Cy
and Cs are constants whose values only depend on P(Y = 1).
Our dynamic program computes the function ¢ up to O(|V|?) times. Therefore, to ensure a high

likelihood that each predicted path matches the ground truth path, we need to establish a bound of the
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following form:
P(there exists a node pair (k,1), such that p*' # p’g“i) =P(Ug, {ﬁkl # p’g“,l5 ),

where p’;é is the predicted path from node k to node I and plgi is the ground truth path from k to [. By

using the union bound, we have:

P(Ur {p™ # pli }) < VPP # phy).-

2V Ipgtl 2/pgt|
1
- ( ¢ ) " Cs o8 €
= max{ ‘pgtl lOg <2z/|> ’ |pgt| 10g <2|]th|> }
“ e ) O e

|
2|V|3> , |pgt| log <2|pgt|v2|>}
€ Cs €

= Q(|pgt| log(IV1)),

we have that
P(Ur {p" # pli}) < IVIPPGH # plt) < VP =

Therefore, we can see that ensuring a high likelihood of each predicted path consistent with the ground
truth path doesn’t affect the sample complexity of our heuristic algorithm; it only influences the constant

factor.

G.5 Adjustment of Algorithm 1

Here, we provide the pseudo-code of Algorithm 5.

H Implementation details of experiments

H.1 Data availability

Raw Hi-C reads of GM12878 cell line were downloaded from Sequence Read Archive (SRA) under the
accession numbers SRR1658570, SRR1658571, SRR1658572, SRR1658573, SRR1658574, SRR1658575,
SRR1658576, SRR1658577, SRR1658578, SRR1658579, SRR1658580, SRR1658581, SRR1658582, SRR1658583,
SRR1658584, SRR1658585, SRR1658586, SRR1658587, SRR1658588, SRR1658589, SRR1658590, SRR1658591,
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Algorithm 5 ¢(k,!) computation v.2

1: Input k,l, genome directed acyclic graph G = (V, E'), nodes list T' that contains all nodes in G sorted
by their topological order, contact matrix M, reachable matrix M,., the function f
if M, [k,l] =0 then
return
end if
Dbase < shortest path from k to [
Gbase < f(pbase)
q,p < Algorithm 1
if ¢ > qpase then
return ¢, p
else

return Gbases Pbase
: end if

—= = =
Mo

SRR1658592, SRR1658593, SRR1658594, SRR1658595, SRR1658596, SRR1658597, SRR1658598, SRR1658599,

SRR1658600, SRR1658601, SRR1658602, and SRR1658603. Raw Hi-C reads of K-562 cancer cell line
were downloaded from SRA under the accession numbers SRR1658693 and SRR1658694. Raw Hi-C reads

of KBM-7 cancer cell line were also downloaded from SRA under the accession number SRR1658708.
The .vcf files containing structural variations of the K-562 cell line were downloaded from ENCODE
Portal (https://www.encodeproject.org) under accession numbers ENCFF356GYS, ENCFF538YDL,
ENCFF574MDJ, ENCFF7520AX, ENCFF785JVR, ENCFF863MPP and ENCFF960SSF. Raw CTCF
ChIP-seq reads of K-562 cell line were downloaded from ENCODE under accession numbers ENCFF001HTO
and ENCFF001HTP. Raw SMC3 ChIP-seq reads of K-562 cell line were downloaded from ENCODE un-
der accession numbers ENCFF000YZX and ENCFF000YZY.

H.2 Genome graph construction

We use linear reference genome GRCh37 and structural variations of K-562 cancer cell line reported by
Zhou et al. [2019] to construct of our genome graph via the following steps. First, seven .vcf files were
downloaded from ENCODE Portal. These files contain variants of the K-562 cell line, categorized into

three distinct types:

e Small variants. These variants includes small insertion, deletions and single-nucleotide variants
that are represented by precise DNA sequence changes in the vcf, for example: REF: TCG, ALT:
T.

e Large structural variants. These SVs are represented by abbreviations such as INV (inversion),

DEL (deletion), INS (insertion) and DUP (duplication).

e Complex rearrangements. These SVs are represented by a set of novel adjacencies such as [chr1:6777707[G.

The meanings of these symbols are described in https://samtools.github.io/hts-specs/VCFv4.2.pdf.

We then use vg construct command to construct genome graphs using the linear reference and .vcf
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files. Currently, vg construct only supports all forms of small SVs and three types of intrachromosomal
large SVs: INV (inversion), DEL (deletion), and INS (insertion). We observed that certain complex
rearrangements could be reformatted into recognizable abbreviations, and therefore we manually reformat
them to enable their integration using vg construct. Furthermore, since our algorithm necessitates a
directed acyclic graph (DAG) as input, we transformed non-DAG segments, specifically those resulting
from inversions (INVs), into DAG-compatible structures. This transformation was done by substituting
inversions with new nodes that contain the reverse complement of the DNA sequences. Although the vg
mod --unfold function may be an alternative approach to dagify the graph, the VG team has indicated
that this function is somewhat outdated and less maintained, as discussed in the GitHub issues https:
//github.com/vgteam/vg/issues/4103 and https://github.com/human-pangenomics/hpp\_pangenome\
_resources/issues/22.

Table S1 presents statistics for the structural variations (SVs) ultimately integrated into our genome
graph. It shows that small SVs constitute the bulk of these variations. Among the large SVs, deletions

are predominant, with no instances of insertions or duplications noted.

small SVs DEL INV other SVs

Number 3822549 6069 53 0
Percentage 99.84% 0.159%  0.001% 0%
Max length (bp) 572 19018917 365625
Mean length (bp) 2 9748 22127

Table S1: Statistics of SVs incorporated into our genome graph

H.3 Implementation details of graph-based dynamic programming algorithm

We use HiC-Pro [Servant et al., 2015] to process the raw Hi-C reads of GM12878 cell line from Rao et al.
[2014], and use Armatus [Filippova et al., 2014] on the contact matrices of GM12878 with bin size 10kb
to compute po used in Eq. (3).

In practice, as outlined in Section A, while the majority of nodes in our genome graph have sequences
that are precisely 10kb in length, there exists a subset of nodes with sequences shorter than 10kb. In
addition, Armatus only computes values of pg(l) for every integer value of I. To refine the estimation of
1, we initially employ a spline model [Spéth, 1995] for interpolation. This approach enables us to derive
1o (1) for every float value of . Subsequently, for a given path p, we compute its respective u value using
the formula p(L(p)/10000), where L(p) denotes the aggregate length of the DNA sequence along path p.

Throughout our experiments, we maintain v in Eq. (2) as 0.1 and set the bin size kp;,, to 10kb.
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H.4 ChIP-seq peak calling and analysis on graphs

We download raw CTCF and SMC3 ChIP-seq reads of the K-562 cell line from ENCODE. Following
the steps described in Liao et al. [2023] (https://doi.org/10.5281 /zenodo.6564396), we align these reads
to our genome graph using vg map, and call peaks using Graph Peak Caller (v1.2.3) [Grytten et al.,
2019]. To compare peaks called on the graph with TAD boundaries identified on the linear reference, we
use the command graph_peak_caller peaks_to_linear to project all peaks to the path of the graph
corresponding linear reference.

To evaluate TAD boundaries called from contact matrices derived using different genomes, we use
three metrics: the average peak around TAD boundaries, the boundary tagged ratio, and the fold change.
They are introduced in Zufferey et al. [2018], Liu et al. [2022] and Sefer [2022]. Since the bin size in our

experiments is 10kb, we adjust the definitions of these three metrics as the following:

e Average peak around TAD boundaries, a metric that describes the density of the occurrence fre-
quency of regulatory elements such as CTCF and SMC3 around the TAD boundaries. It is defined

as:
1 n

Average peak := -~ z; D;,
=

where n is the number of unique TAD boundaries and D; is the average frequency of occurrence
of regulatory elements per 10kb within a 30kb range centered on the i-th TAD boundary (the

boundary and its two adjacent bins).

e Boundary tagged ratio, a metric that describes how frequent TAD boundaries enriched for regula-

tory elements are. It is defined as:
. 1
Boundary tagged ratio := —|S5],
n

where n is the number of unique TAD boundaries and S is the set of TAD boundaries on which a

regulatory element occurs within a centered 30kb range.

e Fold change, a metric that describes how much the occurrence density of regulatory elements
changes between the regions near the TAD boundaries and the regions far away from the TAD

boundaries. It is defined as:

_ ZZL:I D;

Fold change := =*>=—=— —
Z¢:1 B;

L,

where n is the number of unique TAD boundaries, D; is the average frequency of occurrence of

regulatory elements per 10kb within a 30kb range centered on the i-th TAD boundary, and B; is
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the average frequency of occurrence of regulatory elements per 10kb in bilateral regions on both

sides 200kb to 500kb from the i-th TAD boundary.
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I Additional experimental results

We present additional experimental results.

SRR1658694
Graph Linear reference  Reconstruction
Mapped reads 1,167,029,589  1,166,821,533 1, 166,203,299

Perfectly mapped reads 631,181,248 580, 395, 980 604, 569, 568

Table S2: Mapping statistics of Hi-C reads being mapped onto different references, computed by vg
stats -a. Graph: reads mapped onto the genome graph; Linear reference: reads mapped onto the

linear reference genome; Reconstruction: reads mapped onto the inferred linear genome. The total Hi-C
reads of sample SRR1658694 is 1,183, 709, 106.

KBM-7 (SRR1658708)
Graph Linear reference  Reconstruction

Mapped reads 759,108, 776 758,936, 309 758,987,511
Perfectly mapped reads 378,455,564 356,951, 335 373, 566, 022

Table S3: Mapping statistics of Hi-C reads being mapped onto different references, computed by vg
stats -a. Graph: reads mapped onto the genome graph; Linear reference: reads mapped onto the

linear reference genome; Reconstruction: reads mapped onto the inferred linear genome. The total Hi-C
reads of sample SRR1658708 is 776, 936, 020.

Linear reference Genome graph Reconstructed )
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Figure S5: The region between 77,000, 000bp and 102,000, 000bp in chromosome 13. The genome graph
shows a large deletion (s2) with an approximate length of 9,000, 000bp.
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Figure S6: The region between 87,000, 000bp and 112,000, 000bp in chromosome 13. The genome graph
shows a large deletion (s2) with an approximate length of 15,000, 000bp.
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Figure S7: The region between 0bp and 23,000,000bp in chromosome 18. The genome graph shows a
large deletion (s2) with an approximate length of 20,000,000bp. The empty stripe is the centromere
region.

Average peak Boundary tagged ratio Fold change

CTCF Linear reference 0.149 0.315 —0.023
Reconstruction 0.172 0.349 0.091
YArmatus = 0.1
SMC3 Linear reference 0.075 0.164 —0.025
Reconstruction 0.091 0.196 0.148
CTCF Linear reference 0.208 0.397 0.059
Reconstruction 0.239 0.438 0.155
YArmatus = 0.9
SMC3 Linear reference 0.117 0.244 0.123
Reconstruction 0.142 0.290 0.276

Table S4: The comparisons of three metrics reflecting CTCF or SMC3 enrichments near TAD boundaries
across different genomes. Yarmarus denotes the hyper-parameter v of the TAD caller Armatus. Hi-C
sample: SRR1659693.
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Linear reference Reconstructed
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Figure S8: TADs in the same region as Figure 2. TADs are called by Armatus with hyper-parameter
YArmatus = 0.5.

Linear reference Reconstructed
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Figure S9: TADs in the same region as Figure S5. TADs are called by Armatus with hyper-parameter
YArmatus = 0.5.

55


https://doi.org/10.1101/2023.11.08.566275
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.11.08.566275; this version posted November 12, 2023. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

Linear reference Reconstructed
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Figure S10: TADs in the same region as Figure 3. TADs are called by Armatus with hyper-parameter
YArmatus = 0.5.

Average peak Boundary tagged ratio Fold change

CTCF Linear reference 0.152 0.320 —0.008
Reconstruction 0.177 0.356 0.109
YArmatus = 0.1
IMC3 Linear reference 0.076 0.168 0.005
Reconstruction 0.096 0.203 0.197
CTCF Linear reference 0.175 0.350 0.037
Reconstruction 0.213 0.403 0.181
YArmatus = 0.5
SMC3 Linear reference 0.093 0.198 0.076
Reconstruction 0.121 0.246 0.292
CTCF Linear reference 0.212 0.403 0.084
Reconstruction 0.254 0.457 0.201
YArmatus = 0.9
SMC3 Linear reference 0.120 0.249 0.149
Reconstruction 0.152 0.306 0.338

Table S5: The comparisons of three metrics reflecting CTCF or SMC3 enrichments near TAD boundaries

across different genomes. Yarmatus denotes the hyper-parameter v of the TAD caller Armatus. Hi-C
sample: SRR1659694.
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Figure S11: Three regions of contact matrices generated by the longest M-weighted path algorithm,
corresponding to regions shown in Figure 3, Figure 2, and Figure S5.
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Average peak Boundary tagged ratio Fold change

CTCF 0.282 0.522 0.070
SMC3 0.164 0.348 0.113

TADs from DP

Table S6: The values of three metrics reflecting CTCF or SMC3 enrichments near TAD boundaries
generated directly from dynamic programming.

SRR1658693
Shortest path  Longest M-weighted path
Mapped reads 873,813,004 878,342,257
Perfectly mapped reads 286,269, 146 289,729,014

Table S7: Mapping statistics of Hi-C reads being mapped onto different references, computed by vg
stats -a. Shortest path: reads mapped onto the linear genome inferred by shortest path algorithm;
Longest M-weighted path: reads mapped onto the linear genome inferred by longest M-weighted path
algorithm.

SRR1658694
Shortest path ~ Longest M-weighted path
Mapped reads 1,161,272, 502 1,166, 868, 005
Perfectly mapped reads 598,340,773 605,592, 165

Table S8: Mapping statistics of Hi-C reads being mapped onto different references, computed by vg
stats -a. Shortest path: reads mapped onto the linear genome inferred by shortest path algorithm;
Longest M-weighted path: reads mapped onto the linear genome inferred by longest M-weighted path
algorithm.

Average peak Boundary tagged ratio Fold change

Reconstruction 0.172 0.349 0.091
CTCF Shortest path 0.171 0.350 0.088
Longest M-weighted 0.170 0.349 0.095
YArmatus = 0.1
Reconstruction 0.091 0.196 0.148
SMC3 Shortest path 0.090 0.193 0.128
Longest M-weighted 0.091 0.195 0.143
Reconstruction 0.239 0.438 0.155
CTCF Shortest path 0.238 0.439 0.145
Longest M-weighted 0.236 0.435 0.149
YArmatus = 0.9
Reconstruction 0.142 0.290 0.276
SMC3 Shortest path 0.141 0.287 0.251
Longest M-weighted 0.140 0.285 0.259

Table S9: The comparisons of three metrics reflecting CTCF or SMC3 enrichments near TAD boundaries
across different genomes. Reconstruction: the genome inferred by our algorithm. Shortest path: the
genome inferred by shortest path algorithm; Longest M-weighted: the genome inferred by longest M-
weighted path algorithm. ~armatus denotes the hyper-parameter v of the TAD caller Armatus. Hi-C
sample: SRR1659693.
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